
Hida Theory Chris Williams

An Introduction to Hida Theory
These are expanded notes for a talk I gave at the Euler systems conference in Benasque,
Spain, in August 2015. The primary sources for this material are [Hid93], [Maz12] and,
for section 3, [KLZ15]. Since these notes were written primary for my own benefit, they
may contain mistakes!

Introduction
A classical problem of modern number theory is that of p-adic interpolation. In par-
ticular, given a set of ‘classical’ objects that are in some sense ‘algebraic’, one asks if
there is a p-adic object that can be ‘specialised’ at certain values to give these classical
objects. As an example of this, consider the Riemann ζ-function. We know that the
value of ζ(s) at a negative integer −m is rational ( [Was82], Theorem 4.2). Kubota and
Leopoldt proved a version of the following ( [Buz06], lecture 8):

Theorem 0.1. There is a space of p-adic weights W containing N and a p-adic function
ζp on W such that for each integer k ≥ 1, we have

ζp(k) = (1− pk−1)ζ(1− k).

This talk is concerned with the p-adic interpolation of spaces of modular forms, and in
particular the pioneering work of Haruzo Hida in this field. First, I’ll give some examples
of the kind of question we’re looking to answer.

1) If f is a modular form of some weight and level, can we find a set of modular forms
of varying weights, containing f , that varies ‘p-adic analytically’ in the weight?
(This question will be made more precise in the sequel).

2) On a larger scale, is there a space S of ‘p-adic modular forms’ that somehow
interpolates the spaces of cusp forms of fixed level and weight k for each integer k?
To be more precise, can we find such a space with surjective specialisation maps

ρk : S(Γ)→ Sk(Γ)

for each k?

Hida considered these problems in the ordinary case. This, colloquially, is the subspace
of the space of modular forms on which the Hecke operator Tp acts invertibly. We will
see in this talk that there are positive answers to both of the above questions in this
case, and that moreover these questions are in a sense interlinked. Indeed, if we have
such a space S as in 2), then taking an element F ∈ S, the set {ρk(F ) : k ∈ N} is a set
of modular forms that is ‘interpolated’ by F . We’ll later construct such an S, which will
be the space of Λ-adic modular forms.

Remark: Throughout, we’ll make a couple of simplifying assumptions that don’t really
affect the overall results. First, we talk only about cusp forms. The theory goes through
basically identically for general modular forms, and is covered in [Hid93], Chapter 7.

Secondly, we’ll assume p is an odd prime. The case p = 2 is not really any differ-
ent, but it introduces a slightly annoying piece of notation; namely, the isomorphism
1 + pZp ∼= pZp via the p-adic logarithm only holds for odd p, whilst we need to consider
1 + 4Z2 ∼= 4Z2 for p = 2. In [Hid93], this is dealt with by considering a new variable p
equal to p for odd p and 4 when p = 2. As this talk is only an overview, for simplicity I
prefer not to introduce this additional variable here!
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Notation: We routinely talk about the space Sk(Γ0(p), χ;Zp) throughout this article.
This has a simple definition. For nice enough Γ, the space Sk(Γ) has a basis of eigenforms
with rational integer coefficients ( [Shi71], Theorem 3.53 or [DS05], Corollary 6.5.6 for
weight 2 and level Γ1(N)), and we define Sk(Γ;Z) to be the Z-span of these eigenforms.
Then for any Z-algebra A, we define Sk(Γ;A) ..= Sk(Γ;Z) ⊗Z A. Note that Sk(Γ;C) =
Sk(Γ). This notation will be used for any space where we can define a reasonable integral
subspace, which we then tensor with Zp - or, more generally, the ring OK of integers in
a finite extension K/Qp.

1. Λ-adic Forms and p-adic Families of Modular forms
We begin with a general overview of the theory of p-adic families of modular forms and
the associated concept of Λ-adic forms, where Λ ..= Zp[[X]] is the Iwasawa algebra.

1.1. Example: Eisenstein Series
We start with a motivating example. Consider the family of classical Eisenstein series
of even weight k, with q-expansions

Ek(z) = ζ(1− k)
2 +

∑
n≥1

σk−1(n)qn,

where
σk−1(n) ..=

∑
d|n
d>0

dk−1.

We want to put these modular forms into a p-adic family. One way of doing this is to
p-adically interpolate the Fourier coefficients; and in this case, that means p-adically
interpolating the function

k 7−→ dk,

for an integer d.

There is a neat trick for doing this, which then provides motivation for an object called
weight space, which I will discuss in greater detail in the following section. Rather than
thinking of the integer k as the weight of this Eisenstein series, we can shift to think of
the weight as being a ‘thing we do to d’, or rather as the continuous homomorphism

k : Z −→ Z
z 7−→ zk.

So, to write down a set of p-adic weights, it’s natural to consider continuous endomor-
phisms of Zp. In fact, the function k : z 7→ zk is deeply horrible at elements z ∈ Zp
that are not units and there is absolutely no hope of p-adically interpolating the func-
tion k 7→ pk. Thus, to ensure our weight space contains the integers, we really want to
restrict to continuous endomorphisms of Z×p . Thus, we define:

Definition 1.1. Define (the Zp points of) p-adic weight space to be

W(Zp) ..= Homcts(Z×p ,Z×p ).

Define the even points of weight space to be the subset W+(Zp) of those κ ∈ W(Zp)
that satisfy

κ(−1) = 1.
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It’s easy to see that W(Zp) does indeed contain a copy of the integers via the map
κk : z 7→ zk, and that the even integers lie in W+(Zp).

We now want to write down an ‘Eisenstein series of weight κ’, where κ ∈ W+(Zp),
such that Eκk is a familiar Eisenstein series. We have problems at coefficients of qn
where p|n; to get around this, we need to take a p-stabilisation of Ek, namely

E
{p}
k

..= Ek(z)− pk−1Ek(pz)

= (1− pk−1)ζ(1− k)
2 +

∑
n≥1

σpk−1(n)qn ∈Mk(Γ0(p)),

where
σpk−1(n) =

∑
0<d|n
p-d

dk−1.

It is now straightforward to see how to interpolate the non-constant coefficients. We
define, for κ ∈ W+(Zp), the function

σpκ−1(n) =
∑

0<d|n
p-d

κ(d)
d

.

To interpolate the constant coefficients, we fall back on the theory of p-adic L-functions.
Recall Theorem 0.1; this said that there exists a p-adic zeta function ζp on W(Zp) such
that

ζp(κk) = (1− pk−1)ζ(1− k).
Hence, if we let κ ∈ W+(Zp) and define

Eκ(z) = ζp(κ)
2 +

∑
n≥0

σpκ−1(n)qn,

then
Eκk(z) = E

{p}
k

as formal q-expansions.

To sum up what we’ve done:

Theorem 1.2. Let O(W+(Zp)) be the ring of rigid analytic functions onW+(Zp). Then
there is a formal q-expansion

E(X, z) =
∑
n≥0

An(X)qn ∈ O(W+(Zp))[[q]],

where An(X) ∈ O(W+(Zp)) and X is a parameter on W+(Zp), such that if we put
X = κk, we have

E(κk, z) = Eκk(z) = E
{p}
k .

Thus we have obtained a ‘p-adic family of Eisenstein series.’

This example will later be generalised to the example of Λ-adic forms. For more details
about this p-adic family, and the arguments above, see [Hid93], Chapter 7.1, [Maz12],
Section 2.3, or [Buz06]. The construction of the p-adic ζ-function is covered in detail
in [Hid93] and [Was82].
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1.2. Weight Space
Here, we examine weight space through a slightly more explicit lens. In the previous
section, we defined weight space to be W(Zp) ..= Homcts(Z×p ,Z×p ); this is simplifying
matters significantly. What we’ve actually written down is the set of Zp-points of a
rigid p-analytic space W. For the construction of this space, see [Buz04]. It is more
common to speak about the Cp-points, or rather, W(Cp) = Homcts(Z×p ,C×p ), where Cp
is the completion of the algebraic closure of Qp. This then contains all p-power Dirichlet
characters, viewed as characters of Z×p in the natural way.

As mentioned previously, we know that W(Zp) contains a copy of the integers. Via
the decomposition Z×p ∼= (Z/p)× × (1 + pZp), we see that

W(Zp) = End((Z/p)×)×Homcts(1 + pZp, 1 + pZp).

For the first factor, we know that any endomorphism of (Z/p)× is simply a Dirichlet
character χ of conductor p, which - for a fixed primitive (p− 1)th root of unity ζp−1 - is
determined entirely by χ(ζp−1) ∈ (Z/p)×. For the second factor, consider the topological
generator u ..= 1+p of 1+pZp. Any continuous endomorphism ψ of 1+pZp is determined
entirely by the image of u. Thus we can identify

W(Zp) =
⊔
χ

Wχ(Zp) ∼= (Z/p)× × (1 + pZp),

where the sum is over all characters χ (mod p), via

(χ, ψ) 7−→ (χ(ζp−1), ψ(u)).

That is, W(Zp) is topologically the disjoint union of p− 1 open unit discs in Zp - each
centred at a (p − 1)th root of unity ζap−1 - and each corresponding to different Dirich-
let character χ of conductor p determined by χ(ζp−1) = ζap−1. We have denoted the
disc corresponding to χ by Wχ(Zp). The identification of Wχ(Zp) with 1 + pZp is non-
canonical, depending on the choice of topological generator u.

Note that if k ∈ Z is an integer, then the component k lands in corresponds to the
value of k (mod p − 1). We can consider a different copy of the integers inside W(Zp)
for each Dirichlet character χ of conductor p as follows:

Definition 1.3. let ω denote the Teichmuller character of Z×p , that is, the projection
of x ∈ Z×p ∼= (Z/p)× × (1 + pZp) onto the first component under this isomorphism.
For a fixed Dirichlet character χ of conductor p, corresponding to a fixed component
Wχ(Zp) ⊂ W(Zp), we can consider a copy of the integers living insideWχ by considering
the homomorphism

κχ,k : z 7−→ χ(z)w(z)−kzk, z ∈ Z×p ,

or rather
(x, y) 7−→ (χ(x), yk) ∈ Z×p , x ∈ (Z/p)×, y ∈ 1 + pZp.

We end this section by making question 1) from above more precise.

Definition 1.4. Let Γ ..= Γ0(p) be the standard congruence subgroup of level p, and let
χ be a character of conductor p. Then given a set

A ..= {fk ∈ Sk(Γ, χω−k;Z)⊗Z Zp},
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Figure 1: Weight space for p = 5

a p-adic interpolation of A is a formal q-expansion

F (X) =
∑
n≥0

An(X )qn ∈ O(Wχ(Zp))[[q]],

where O(Wχ(Zp)) is the ring of p-adic analytic functions on Wχ(Zp), and X is a pa-
rameter over Wχ(Zp), with the property that

F (κχ,k) =
∑
n≥0

an(κχ,k)qn = fk ∈ Sk(Γ0(p), χω−k,Zp)

as formal q-expansions.

Proposition 1.5. We can identify Zp[[X]] with a subspace of O(Wχ(Zp)) by attaching,
to such a power series A(X) ∈ Zp[[X]], the analytic function A(X) defined by

A(κ) ..= A(ψ(u)− 1)

for u = 1 + p and

κ = (χ, ψ) ∈ Wχ(Zp) ⊂ W(Zp) = Homcts(Z×p ,Z×p ) ∼= End((Z/p)×)×Homcts(1 + pZp).

Note that since ψ(u) ∈ 1 + pZp, any such power series converges at ψ(u) − 1. This
Proposition gives us the basis for the study of Λ-adic forms in the next section.

Remark: Indeed, via the p-adic logarithm, we can fix a topological generator u and
identify Wχ(Zp) ∼= 1 + pZp ∼= pZp. Under this identification, we get O(Wχ(Zp)) ∼=
Zp[[X]]. This is not the copy of Zp[[X]] we embedded above, however. We stick to this
latter subspace in the definitions that follow to avoid going into the calculations coming
from the p-adic logarithm (and for the simpler reason that we are following [Hid93],
which does this!).
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1.3. Λ-adic forms
Let Λ ..= Zp[[X]] be the Iwasawa algebra. Then from Definition 1.4 and Proposition 1.5,
we want to look at functions F (X) = F (X, q) such that:

Definition 1.6. Let χ be a character of (Z/p)×. A formal q-expansion

F (X, q) = F (X) =
∑
n≥0

An(X)qn ∈ Λ[[q]] = Zp[[X, q]]

is called Λ-adic cusp form of character χ if

F (uk − 1) ∈ Sk(Γ0(p), χω−k;Zp)

for all sufficiently large k, where u ..= 1 + p is a fixed topological generator. We call an
integer k that this condition holds an admissible weight.

Remark: Note that from our above arguments, evaluating at uk − 1 is the same as
taking a fuction F ∈ O(Wχ(Zp))[[q]] and evaluating it at the weight κχ,k.

Each Λ-adic cusp form then gives a p-adic family of classical modular forms {F (uk−1)}k,
where we index over all admissible k. For later purposes, we’ll want to look at the space
of all Λ-adic forms, as defined in:

Definition 1.7. (i) Write S(χ,Λ) for the Λ-module of all Λ-adic cusp forms of char-
acter χ (noting that this is indeed a Λ-module).

(ii) We write S(1,Λ) = S(Γ1(p),Λ) for the Λ-module

S(1,Λ) ..=
⊕
χ

S(χ,Λ),

where the sum is over all Dirichlet characters mod p (including the identity).

Note that F ∈ S(1,Λ) implies that F (uk − 1) ∈ Sk(Γ1(p),Zp) for sufficiently large k.

In the third section of this talk, we’ll also want to introduce more general levels. Let N
be an integer coprime to p. Then define S(N,Λ) to be the space of Λ-adic cusp forms
of level Γ1(N), that is, the space of formal q-expansion F (X) ∈ Λ[[q]] such that

F (uk − 1) ∈ Sk(Γ1(Np),Zp)

for all sufficiently large k. (We shall later see that in the cases we care about this is also
sufficient to interpolate all forms of level Npr as well).

2. Hida’s Work on Ordinary Modular Forms
We’ve now given a sort of theoretical answer to Question 1) of the introduction, by
introducing Λ-adic forms. At the moment, we’ve only exhibited one such example of
a p-adic family of modular forms, and even this appears in a slightly different guise to
that introduced in Section 1.3. Rather than trying to generate more, we’ll now focus on
the structure of §(χ,Λ) and use it in relation to Question 2), the hunt for some space
that p-adically interpolates all of the spaces of modular forms of all weights. Suppose we
take any finitely generated submodule S′ of S(χ,Λ), and note that S′ has a specialisation
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property; namely that we can choose some k0 such that for all k ≥ k0, evaluation at
uk − 1 gives rise to a map

S′ −→ Sk(Γ0(p), χω−k;Zp).

This is exactly the kind of specialisation map we’re looking for.

As for any congruence subgroup the dimension of Sk(Γ) grows linearly with k, we can-
not hope to find a finitely generated module that interpolates all of these spaces. Our
aim, then, is to identify suitable subspaces of Sk(Γ0(p), χω−k;Zp) and S(χ,Λ) that have
growth bounded independently of k, and then we can hope that we can provide a simul-
taneous interpolation via these specialisation maps. One of Hida’s great contributions
to modern number theory was showing that if we restrict to the ordinary subspaces,
then this is indeed the case.

2.1. Ordinary Forms and the Ordinary Projector
Colloquially, the p-ordinary subspace of a space of modular forms with level divisible
by p is the subspace on which the Up Hecke operator acts invertibly. A Hecke eigeform
f ∈ Sk(Γ0(p), χω−k;Zp) with Up eigenvalue ap is ordinary precisely when ap is a p-adic
unit. We make this more precise.

Definition 2.1. Let M be a classical space of modular forms with an action of the
Hecke operator Up. Define Hida’s ordinary projector to be the limit

ep ..= lim
n−→∞

Un!
p .

We skip the necessary work involved with convergence issues (see [Hid93], Chapter 7.2).
If f is a Hecke eigenform, then its Up eigenvalue ap is algebraic, and hence can be viewed
as living in a finite extension of Zp. It thus makes sense to take its p-adic valuation (which
is well-defined). If |ap| < 1, then it is easy to see that epf = 0. Suppose instead that
|ap| = 1. Then ap has finite multiplicative order d, and then we see that (Up)n!f = f
for all n ≥ d; hence, in this case, epf = f. To summarise:

epf =
{
f : |ap| = 1
0 : |ap| < 1

Definition 2.2. Define the space of ordinary cuspidal modular forms of weight k, level
Γ and character χ to be

Sord
k (Γ, χ;Zp) ..= epSk(Γ, χ;Zp).

A cusp form is ordinary if it lies in the ordinary subspace. We say a Λ-adic cusp form
F ∈ S(χ,Λ) is ordinary if, for all sufficiently large k, the specialisation F (uk − 1) is an
ordinary modular form. Define Sord(χ,Λ) to be the Λ-module of ordinary Λ-adic cusp
forms.

Proposition 2.3. There is a unique idempotent eΛ
p on S(χ,Λ) such that

Sord(χ,Λ) = eΛ
p S(χ,Λ),

and such that, for F ∈ S(χ,Λ), we have

(eΛ
p · F )(uk − 1) = ep(F (uk − 1)).

Proof. See [Hid93], Proposition 7.3.1.
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2.2. The Structure of the Ordinary Subspaces
Hida’s remarkable theorem for the spaces of ordinary modular forms is as follows.

Theorem 2.4. For any k ≥ 2, and any character χ modulo pn, we have

rankZpS
ord
k (Γ0(pn), χω−k;Zp) = rankZpS

ord
2 (Γ0(pn), χω−2;Zp),

that is, the rank is constant as the weight varies.

As such, we can hope to p-adically interpolate the spaces Sord
k (Γ0(p), χω−k;Zp) as the

weight varies, and we already have a perfect candidate space to do so: namely §ord(χ,Λ).
It turns out that:

Theorem 2.5. Let χ be a character of conductor p. Then:

(i) The space Sord(χ,Λ) is free of finite rank over Λ, and in fact we have

rankΛSord(χ,Λ) = rankZpS
ord
2 (Γ0(p), χω−2;Zp),

the constant rank from Theorem 2.4.

(ii) After a suitable extension of coefficients to a finite extension K of Frac(Λ), the
space §ord(χ,Λ)⊗ΛK has a basis consisting of Hecke eigenforms, and specialisation
of this basis at weight k, for k ≥ 2, gives a basis of eigenforms for the space
Sord
k (Γ0(p), χω−k;O), where O is the ring of integers in some finite extension of

Qp.

The following is, perhaps, the most important result of this talk.

Theorem 2.6. [Control Theorem, fixed level] We have the following control theorem:
for each k ≥ 2, let pk be the prime ideal of Λ generated by the polynomial X − (uk − 1).
Then evaluation at uk − 1 induces an isomorphism

Sord(χ,Λ)/pk ∼−→ Sord
k (Γ0(p), χω−k;Zp).

Therefore Sord(χ,Λ) is the interpolating space we wanted in the case of ordinary forms.

2.3. Varying Levels
So far we’ve defined familes of modular forms that vary with regard to the weight. Such
families also interpolate modular forms of varying (p-power) levels. Indeed, let ε be a
finite order character of 1 + pZp factoring through the quotient (1 + pZp)/(1 + pZp)p

α

,
with α minimal. Then it transpires that if F is an ordinary Λ-adic cusp form of character
χ, then

F (ε(u)uk − 1) ∈ Sord
k (Γ0(pα+1), χεω−k;Zp[ε]).

As such, the control theorem above can be extended further:

Theorem 2.7. [Control Theorem, varying levels] We have the following control theo-
rem: for each k ≥ 2 and ε as above, let pk,ε be the prime ideal of Λ generated by the
polynomial X − (uk − 1). Then evaluation at ε(u)uk − 1 induces an isomorphism

Sord(χ,Λ)/pk,ε ∼−→ Sord
k (Γ0(pα+1), χεω−k;Zp[ε]).

Thus a Λ-adic cusp form interpolates modular forms of varying weights and levels.
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2.4. Hida Families
We come at last to a definition of a Hida family. There are a number of definitions in
the literature, but we’ll start with the one that has been heavily implied throughout the
above:

Definition 2.8. A Hida family is the set {F (uk − 1) : k admissible for F} attached
to an element F ∈ Sord(χ,Λ) ⊗Λ ΛK, where ΛK is the integral closure of Λ in a finite
extension K of Frac(Λ). If f is an ordinary cusp form of some weight and level, then a
Hida family passing through f is a Hida family containing f .

Proposition 2.9. If f is an ordinary cusp form of p-power level, then there is a Hida
family passing through f .

3. Passing to cohomology
In the last section of this talk, we relate the results above to those summarised in
[KLZ15], section 7, namely relating the control theorems 2.6 and 2.7 to the work of
Ohta, in the process putting the results above into the form to be used later on in this
workshop. A source of motivation for this work is to write down a Λ-adic version of the
Eichler-Shimura map relating spaces of modular forms to cohomology groups of modular
curves. In [Oht95] and [Oht99], the correct cohomology groups are given; namely, inverse
limits of étale cohomology groups for the modular curves Y1(Npr)Q. Firstly, to see why
this might be an appropriate thing to consider, we look at the Hecke algebras.

3.1. Hecke algebras
Definition 3.1. (i) Define Sord(N,Λ) ..= epSord(N,Λ) to be the space of ordinary

Λ-adic forms of level N on Γ1.

(ii) DefineHida’s ordinary/universal Hecke algebra of level N to be the subring Tord(N,Λ)
of End(Sord(N,Λ)) generated over Λ by the Hecke operators Tn.

We note that the pairing

(, ) : Tord(N,Λ)× Sord(N,Λ) −→ Λ

defined by
(T, F ) = a1(F |T )

gives us a natural duality, that is,

Sord(N,Λ) ∼= HomΛ(Tord(N,Λ),Λ)

and
Tord(N,Λ) ∼= HomΛ(Sord(N,Λ),Λ).

Now we quote a theorem of Hida:

Theorem 3.2. For each fixed k ≥ 2, we have

Tord(N,Λ) ∼= lim←−
r≥1

Tord
k (Γ1(Npr);Zp),

where Tord(Γ1(Npr);Zp) is the subring of End(Sord
k (Γ1(Npr);Zp)) generated over Zp by

the Hecke operators.
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Proof. [Hid86], Theorem 1.1.

A little thought show that this is not that surprising. After all, we’ve shown first that
the rank of the space of ordinary forms of level Γ1(N) and weight k is independent of
the weight, and is equal to the rank of Sord(N,Λ) over Λ, and secondly that the space
of ordinary Λ-adic forms also sees forms of p-power level. So we should be able to build
the universal Hecke algebra from the Hecke algebras of any fixed weight and varying
p-power level, as indeed this theorem tells us we can.

3.2. Ohta’s ‘anti-ordinary’ reformulation
If we’re looking for an Eichler-Shimura style isomorphism, then, the natural candidate
for a cohomology group would be to fix weight 2 (for simplicity, since we can work with
any single weight) and take the inverse limit

lim←−
r≥1

H1(Γ1(Npr),Zp),

where the limit is taken with respect to the trace maps. It turns out this doesn’t work.
Unfortunately, the usual Hecke operators on the individual components do not commute
with the trace maps, so the Hecke operator Tn is not well-defined on the limit. Instead,
we must use the adjoint operator T ∗n . This is defined in much the same way, but using
the matrix

(
p 0
0 1
)
rather than the more usual

( 1 0
0 p
)
. This then commutes with the trace

maps ( [Oht99]).

In much the same way as before, we can define an idempotent e∗p = limn→∞(T ∗p )n!,
the anti-ordinary projector.

3.3. Galois representations and the control theorem
We conclude this article with the final definition of the cohomology group we will use
in later talks. Note that there is a canonical isomorphism

H1
ét(Y1(Npr)Q,Zp) ∼= H1(Γ1(Npr),Zp)

( [Oht95], equation (1.2.3)). We use the étale groups, since this gives us a natural
Galois action. We also introduce a twist by the cyclotomic character in the coefficients,
as in [KLZ15], for later use.

Definition 3.3. Define

H1
ord(Np∞) ..= lim←−

r≥1
e∗pH1

ét(Y1(Npr)Q,Zp(1)),

which is a finitely generated projective Λ-module.

This can be made to play the role of the cohomology group in an Eichler-Shimura style
isomorphism for Λ-adic forms that is equivariant with respect to the adjoint Hecke action
on cohomology and the usual Hecke action on Λ-adic forms; for this result, see [Oht99].
Our final result, quoted in the form given in [KLZ15] (Proposition 7.2.1), shows that
this module satisfies the control properties that we desire it to.

Theorem 3.4 (Control theorem, cohomological version). (i) The space H1
ord(Np∞) has

Λ-linear actions of GQ,S and the adjoint Hecke operators T ∗n that commute (where
S is the set of primes dividing Np).
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(ii) We have the following control theorem: Let pr,k denote the ideal of Λ generated
by (1 + X)pr−1 − ukpr−1 (generalising the ideals pk from before). Then there is a
canonical isomorphism

H1
ord(Np∞)/pr,k ∼= e∗pH1

ét(Y1(Npr)Q,Symk(Zp)(1))
∼= e∗pH1(Γ1(Npr),Symk(Zp)(1))

of Zp-modules that is compatible with the actions of GQ,S and the Hecke operators.

Proof. See [Oht99] and [KLZ15], Section 7. The description of the isomorphism is
contained in [Oht95], Section 1.3, using results on cohomology from earlier in Section
1.
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