
 

ADIC SPACES STUDYGROOP Easter2020

LECTUREONE Motivation Chris Laeda

Goal understanddifferentialanalyticgeometryonenonarchfieldsegChpClp Q tD de

Applique padicuniformisationofabelianvarieties curveswith totallydegeneratereduction

padicpropertiesofmodularforms ptowersofmodularcurvesRapoport 2inkspaces
eigenvarieties etc

tropicalgeometryandmirrorsymmetry

rigidcohomology cohomologygroupsof l p
Today explaintheproblemsthatanteonthistheory aidwhyadicspacesare agoodfix

Constructionofgeometricspacesmanifolds
local model
spaces

3 gluetogetherusing
allowable functions

1
globalspaces

Eg topologicalmanifolds localmodelsareopensubsetsof IR
gluing via homeomorphismsbetweenopensubsets i

E I s O

differentiablemanifolds localmodels arethesame
gluingbydiffeomorphisms

complexmanifolds localmodels areopensubsetsof Q or BI Cz an c Q
Kil al

gluingbyholomorphichurchrauareopensubsets

P ca



clear classof allowable functions

gluingoperations

letsclear classof allowable functions
structureoflocalmodels

eg complexanalyticspaces localmodels take f fr BI Q holomorphic

V f fr E E BI i f TE O ti

Alsogeteg
y g z w e BI i 2w O i

t
Allowable Aurelius builtoutofholomorphic henehan f VI IC holomorphicoffVpeVFpe U E BI open s t

ffun restrictionof aholofuron U

Globaldescription Q Zi 2 if powerseriesconvergentouBYE
R v holofusarv Ctft iZn jcf radical

Thenpeu evp Rw Q
Mp Ker evp fg maxideal inRW

Thenhave
2 fg maxideals inRW

P Mp
topology onU weakesttopologySir f V Q is continuous Hfe RN

withtheusualtopologyor Q

eg classical algebraicgeometry 11C localmodels areaffinealgebraicsets

f fr E EfZ Zn
VCf fr Z Zn E E f Z o ti

Allowable functions builtoutofregularfunctions f V Q

R V regularfunctionsonV CZ
Cf

V maxSpec RW maxidealsinRW



Zariskitopology weakesttopology st f maxSpecRW Q isch f fCRtv nowwith
the Zariskitopologyou E

menglueusingregularmaps

Eg E maxSpec Eft maxspec Cos
Ul Ul

ex maxSpee f2,213 I waxspec Efww32i wl

andgluinggivestheRiemannsphere P

E Schemes A commutativering
SpeeCA primeideals E A

regularfunctionsonSpeecA A Zariskitopology generatedbyDcf f P fea

L t gluingistakencareofbytheformalismoflocallyringedspaces

willseeaspectsof schemetheayminored in adicspaces

Analyticgeometry Idp or Edt etc
Let K E nonarchimedeanheldmenneed

i localmodelspaces
Cii allowable hurelianforgluing t shouldsee ii determines i

1stguessfarG i take
BI Z Zn E k Kil L I

andtake
f fr e KE z ZrD convergent on BET

exploitdopen
V Vlf fr c Bna

Simpletechnicallyi k nonarchimedean Bren Z Zn c kn i IZI E l E k opens
Instead we take

f fr e kGZ 231 convergentonBien
v v f fr cBien

Whatarethe allowablefunctions Shouldbeanalytic in some sense

but nonarchimedean topologies are toutedso analyhay isnota localproperty

eg takeBpl U IV and f O on U f I ar V Thiscannotgloballybedetained
by apowerseries



Nowhavea choice use global analytialy or beatanalytierly

If we chooselocalanalyticity therecanprove Pk Bae
nointerestingglobalgeometry

aid B badnewsifwewant tostudy aualjhfieah.eu of
spaces thisprocesswillcompletelydestroythestructure

Dehneinstead

K Z Zn convergentpowerseries on Bj

E a z I i taI l O

Tatealgebraoverk If fi f E KLz 2r7 let

A KLZ Cf fr athnoidalgebraaw k
and

Z zn cBu fi o 3 MaxSpeeCA
P Up Kerreup

Subspacetopologyon Bn weakesttopology st

f i maxspecCA K cts Vf.CA
metrictopologyark

5miners theoryofanalyticQ spacesnicely
However thisrunsintobigproblemswithgluing Inpreviousexamples allowablefunctions are

dehnedusing localproperties butow henehaes areglobal

thisis averyseriousproblem onereasonwhyittookso longtofinda
satisfyingsolution

2 proposedsolutions G topologies forceanalytierlytobealocalproblem

Tate 60s Changethetopology on maxSpec A usea coarsertopology with
feweropensetsandfeweropencoverings G topologynota topologicalspace but a categoricalgadgetlikeatopology

andTateshowedthat in the Gtopology analytialyBlocal

eg in theexampleabove Uu V isconnectedaidwedaitget acounterexample

Howeveri Gtopologies areawkward
stalksnolongerdetectsheaves canhaveall stalks0 sheaf 0



So this isnottheapproachwewilltake

Heber 90s weshouldchangeourlocalmodels

Replace MaxSpecht with Spa A

valuationspectrum
Thenget

honedtopologicalspace
suchthatanalyticfunctionsarelocal you

areclosedpts

Wordofwarning thisis a muchmoreradicalchange thanpassingfromMaxtoprime
Spectrebuttheydoprovide averysatisfying theory

Thisgivesus ahugeextrarichnessinthetheory alerutoschemes we'renotrestricted
tojeeraffmoidalgebrasanymove

Q Aretheclosedptsintheadicspectrumclosed A Ne

Qi Ismeadiespectrumsomehow a completion A Yes in asense

Q TakecarewiththestructuresheafisasheafTherearenonShealycases

LECTURETWO RIGIDSPACES FORMALSCHEMES ChrisWilliam

k nonarchimedeanfield Wewant a good theoryof analytic
geometry are k

Desirableproperlies 1 GAGA
2 Integralmodels analyticgeometryover u

Successfultheories
1 rigidspaces
2 formalschemes

ZI GAGA

Serge 3functor

IEEEpe'T'T eomrusxpaaaugon.cz

X Xan



when proper

equivalence coherentsheavesonX coherentsheavesonXan

viaallowablefunctions crucially can recreate fromXan

basicconstruction closedptsofafhnepieceare subsetsof

can use techniquesfromcomplexanalysis diffgeometry
in alg geometry andvicewere

Example P e Shack modularcurveYing PIN complexanalyticcurve
modularforms

to y p
adicmodular

an forms
Qanalytic YpaI Yr pT1 GAGA i
Q algebraic Ypa

µ
Yr p Yr aOp

Yr
Q algebraic

so want GAGA for analyticspaces over K

Alreadyseen obvious analogue isverybad

nonarchtopology s totallydisconnected toomany locallyanalytic functions allowable
toomanyisomorphisms
notenoughisomorphismclasses

es

222 Rigidanalyticspaces

Chris talk introducedrigidaualyhicspa



Recall Localmodels maxspecCA A
k Cf fr
ethmoidalgebra

Chris talk bigproblems YmYfjwefiddlynon.aeof Gtopologyj
onlyallowspecifickindofopensetsfovenugs

Keymexample X maxspecCfCT closedrigiddisc

X k x Ek 1 1117
Y maxspecChp T T unitcircle

X K x cK 1 1 17
Z openrigiddisc I

abeautydYYwYohw

2 k seek i 1 1 17
In padictopology X Yu L disconnected
In rigidtopology Y 2 admissibleopensetsm x but Yu2 netadmissiblecovering

X isconnected
However

theorem F functor

projective schemes rigidanalytic
auk spaces1k

X Xan
Kopf

equivalenceofcoherentsheaves

canbuildwonderfultheoryof padic overconvergent modularfarms out
of rigidanalyticmodularcurves

Exempts 1 El ellipticcurve Attached to FChp haverigid curve E Qp

Theoremi Tate Suppose Fhasmultiplicative reductionat p Then 3ofEOp st
E Qm

qZ
over a quadraticextraofQp

period ghasdeeparithmeticinterpretations via Linvania

padicHodgetheory exceptionalzoos Iwasawatheory



coleman
2 Rigidanalyticmodularcurve padicmodularforms

eigencurve padicfamilies

Upshot whilstfiddlytodelve rigidanalyticspaceshavebeenverysuccessful

Rounds d farobjects loc of finitetype1K rigidspaces 4 ad.espaces
are essentiallythesame equivalenceofcategories

2 Historically rigidspaceshavebeeneasiertoworkwith creoleconcrete closertoclassicalgeometry

37 However adicspaceshavemoreintuitivegeometricproperties e.g inexampleabove

2
rigid 3cloudimmersion Yu Z X Yu2 k X K onphs

opeD circa aoudd.ie cnet.somovph.im
Gtopologythrewoutmiscover

adic 3extrapoints Fpt gexck between 1 1 1 aidby l
g Yael 2 K Yu2 notcower irregulartopology

ashearproperycanisave

ZZ Integralmodels formalschemes

Have specIp o Cp LetXq schemeare Ip
SpecCOPY SpecFp X p Xq x specOp

an

X
p

th X
p

XFp Xap SpecFp

genfibre f
an

Zp X2p
specfibre

y c answerforrigidspaces
X
p Xpan festers

Let A commutativetopologicalmug eg Q OpZp ZpETD
Observation SpecCA t Zariskitopology doesnotsee thetopologyon A

Formal schemes retirementforspecialclassoftopologicalrings adicrings

rigidspaces usetopologyon K torehireallowablefunctions Formalschemes usetopologyonhugs
torehirelocalmodels



Det A commutativering ICA ideal The I adictopology isthetopologywhere

In i n o fundamentalbasisofnhbdsof 0
ie

Subset X CA isopen X union ofcosets a I

AtopologicalringA is adic if 7 ideal ICA et topologyis the I achetopology

I say I is an idealofdehutian

eg Q Qp netadienngsworkusual topologies

Xp is an adoening I Cp
ZpETD I p T
any A withdiscretetopology I o

Det formalscheme Let A bean I adicring Dehne the formalspectrumof A
tobe Spf A i p c spec A P open

1gluingdip onBasisofopensets
Defy f p eSpf Ai f f p far f cA topology

structuresheaf
Ospfa Dcf I adiccompletionofAff t

him Aff II n

A formalscheme is a topologicallyringedspacelocallyofformSpfA far
anadicringA

we rememberthetopologieson A

eg Spf Ip p
X Spf Ip ITB formalopendiscover 7 if K1Qp non ad

Clu ringofintegers

Then X Ou Mr Max ideal

Every scheme is a formalscheme Eg SpecA Spf A discretetop
genuinely enlarged ow workingspace



Raynald FormalschemesoverSpfXp padictopology give good integral nonarchgeometry

PROBLEMI Qp w padictopology i SpfQpdoesntmakesense
noobvious generic fibre

Theoremi Berthelot F a genericfibrefunetar

s EE.hnkspsbEp rsispiadasamokh.cl

X Xm

Remade 1 Furtherevidenceforutihyofrigidspaces formalschemesoccurverynaturally
2 Construction isveryinvolved

3 localmodelsarenetsenttolocalmodels

eg formalopenunitdiscover74 is X SpfXpCITI
Fact Xy rigidopenunitdiscoverQp

Y UE
maxSpec A foranyA

223 Adiereformulation

Inworldofadicspaces recoverpicture SpaIp
T

SpaFp SpaOp

kXadic spate candelvehonestgenericfibre Xy X
spa SpaChp

andhave

Formal

schemys

SpfZp rigid
spages

Op
x x
I T
Yad yad ad Yad

n
Adiespaces SpaZp f c spaces SpaChp



LECTURETHREE HUBERRINGS4ADICSPECTRA RobRockwood

Inthistalk
wedehneHuberring classofringscontainingadicrings alhnoidalgebras
usetodehneadicspeo.hu topologicalspaceunderlyinglocalmodels

Previoustalk sawformalschemesandrigidspaces
noobviousgenericfibres nointegralmodels intrinsically

Berthelot

Adicspaces nicer category encompassingboth

QQ.eu Qp w padictopologyisnotadic ButQpcontains anopen integral subringZpwhichisadic

Det AtopologicalringAistubeofithasanopensubringAowhichisadic witha fg idealofdehnition wecall
suchanAo aringofdeth Rod

Examples i schemer AdiscretemugA isHuberw RodA
2 Formalschemes Aadicw fgidealofdefn men AHuberwithRoDA
3 Rigidspaces AoadicgeAotopologicallynilpotent g o n al then A Ao g isHuber

eg A OnCT7 far k nonareafield AoLO KCT

DelhiherAbeaHuberring SEA is bounded if Vopenneighbourhoods U containing 0 3openubhdVao
st Vs e U

heurma AHuberAoE A subringis a RoD iffAoisopenandbounded

Delia AHuberringisTate if itcontains a topologicallynilpotentunitg.ca Wecallsuchaunit a pseudouniformin

Proposition D A nng A Aolg3asaboveisTate
2 Anytanningisofthisform subtletieswithgbeingazerodivisor

Examplein knonouchfield ROIOr g O emy anyettofnormin1
Moregenerally A1kalgebra Huberwithmyadictopology cantakethesameunit

DethiA Huberring seeAispowerbouudedif fan n of isbounded wewrite
A fortheringofpowerboundedelements

Examples A kit men Ao it Ao
A QpEk y Ao 2pctYet

ao Zp Opt

Proposition 7Foranyringofclefn Ao AocA
e A ismefilteredunionoftheRob's inA



htieredunion VAoB F co ZAou B

Del AHuber wesayA isuniformofA isbounded equivalently A is aringofdelusion

Beth AteA subring of aHubermug At is arirgotmtegraleleueeuss if.rsopen integrallyclosedin A
audAtcAo Apair CAAts iscalleda tuber
Remaks Weoften lake At A

topologicallynilpotentelementsareallin At

ContinuousValuations

similartoBerkovichspaces Motivationfrom Gelfaudspechum

het Pbeatotallyorderedabeliangroup Amap fnorm

11 A Tolo
is aconhnuousvaluationer I totallyorderedmonoid o c r v ren

c lol o o r o
e lil I
Cs Ixyl bellyl K xy cA
4 IxtylE Max 1 1lyl
Css Vre Image 1Al theset acA Ial L r isopen continuity

saytwocontinuousvaluations I I l l areequivalent if Ial 7 Ibl iff lal 7lbl ta b

DelhiGivena HuberpairCAAts we dehnetheadicspectrum
Spa A At 1.1 A Fo o asvaluations HttaI fu

For fg cA dehue
U Hg x c SpaAAt I fix I E 1gCx 1 to

Here floc1means choosearep've l Ixof2e then Ifloc IHx 1 Orderispreservedbydehnnian The
sets U Hg arecalled
nationalsubsetsiranarly

fx floc1to1 x If x I2I arerationalsubsets

Det Atopologicalspace X is spectralof 7 aring R s t X SpecCR

theoremstheadicspectrumisspectral Minhyung thisisabitofadisappointment it'snottrue
ofBerkovichspaces

Exampling Spa 2 2 2 withdiscretetopology Wehave3typesofpoints
a y I 90,17 sendingnonzerointegersto1
b pprime Re 2 Fp 0,13 ie Yp a I s pXa
c pprime Sp Z s2p I p o ufo



Notethat 927 Spa 2,2 Typ ZpSp j Spisa closedpoint
k nonarchimedean algebraicallyclosed sphericallycomplete descendingintersectionsofclosedballsarenonempty
valuegroup IR o weget3typesofpowerin Spa Ket One

closedunitdisc
a x e k KlEl gins x f If he
b xcOn recoD gives

ocr f sup GaussnormmultiphicahuyisnotobviousaBear IflyI
Blar fycK Ix yle r

c Rank2pr xcOn recoD T R o x r r 1 ordered lexicographically inhuilessmaly
between elementsofRao

x f anCTe5 1 mnaxlanlrn8th
Note x spa kit out

Therank2 pantsconnedmeclosedunitdisc

Dehne Stad HI I U U ITI E l E
eo

and Spa Ket duct s'adoU 7 Xi as x T l r I e te but 1

Remakm David Type b pointscorrespondtotakingsupremacypowerseriescoefficients Typecc points adduliaracyremember
eitherthe firstC or laitCtlt.methissupremum isobtained

Renick Diane TheBerkovichcloseddiscisconnectedbutdoesnthavetherank2pawn ChrisL thisisnotbreaking
theexample since Siserais notopeninthecloseddisc

sowhyadic thyguenicetopologicalexplanationsofrigid behaviour

LECTUREFouR GwBALADicSPACF DavidLoeffler

lasttime adicrings topologicalringswithI adictopology someideal I
Hubermyi topmy w openadicsubringHulcepair CAAtl A Hukering

A opensubring iv closed powerbounded

Note Huberpairsarea category
Hom CAAts BBt f A B i f At CBT

Then
Spa A At equivclassesofcts valuationsonA EIonAt7

Abuseof notation I x forett of Spa ie f tf x

butthereis no x



Z1MoreanSpa

Proposition 1 Spaisa contravariant functor
Huberpairs top needtocheckcontinuity

2 If I separated completionofA then

Spa Ai It Spa A At I 1 Attn

soi canalwaysassumeAiscomplete
Proof easy

Proposition muchdeeper LetCAAt completeThen here completemeans
separated completion

1 If A o then Spa A At

2 At fcA IfGcsl E l KoccSpa

3 fe A Ifloat to VoceSpa allquitefiddly seeHuber193

ZZ Rationalsubsetsmm

Recall thetopologyonSpaCAAt isthecoarsestonesuchthat
warning Ulayag U Hg x I fix I E 1gCx to Vf.geAingeneral

Definition A rationalsubset is asetofthefour
UCHs u v U Hs

where T t tu generate an opedideal

Eg IuSpaQpCx XpCx
U PIX is a rationalsubset PA A
UHp doesn'ttookrational XAnotopen but

U Yp U left U uUCF
soit isnational
U is notrational

Geometrically thisis removing X O fromthecloseddisc notquasicompact leaksaroundtheholeat
X0 atwayofmakingunwanadiespaceminownright

Theoremi Huber Let U U Is rationalsubset Then 7 morphism
fu CAA AuAut



of complete Huberpairs suchthat
fu't Spa AuAut e U
fn is universalwiththisproperty forany f CAAt BBt st
f spaBBDcU then ffactorsuniquelythrough fu

Moreover fu't is a homeomorphism SpaAuAut U

Ideaoftheproof ACS localisationof A Afils subringgeneratedby Hs t cT Must
becareful s couldbea o divisoraid A ACsl ThenAn completion in I adietopologysomeidealof
Att I Z Au A Is inrigidlanguage
ThenAut integralclosureof A fits inAu

butlotsmorerequiredprovedindetailinScholze Weinstein

Examphesi SpaQpCx 2psx

u U 4 Au Qp Xp EanXu eOpftxD anp o

U U Ix Au E anX agt for Ipl's1 1El annulus

Here
is X 1 1EIpl inside x Kl El

is x Iplc1 1 Elf

Z3ithestructurepresheaf

Detinhia For WcSpaA At open dehne
w line structurepreeheafc

newnara
Au

Ot w culicmw.ve AI Integralstructurepreheat

hemmai Everyopensubsetis a unionofrationalsubsets C f Morel'slecturenotes

seriousamountofwork raresubsetsareabasis
formetopology

Proofcruciallyusesfactthatidealsofdefrarefog firstplacemiscomesrn

withoutthis thestructureprerheafmightnotbeabletotellopensetsapart

Thisdehnestwopresheaveson SpaCAAtl

Definition wesaythatCAAtsissweatyif 0C isasheaf Ott isalsoasheaf



theorem A At issheafyif
1 A isdiscrete caseofschemes recoverusualstructuresheaf
2 A is fgovera Noetherianringofdehnihiar formalschemes rigidgeometry discretelyvaluedfeeds
3 A isTate seepreviouslectureand ACT Tn is Noetherian Vn rigidgeometry Ep

andperfectoidspaces

Z4AdicspaceS_

Let V categoryof valuedringedspaces with

obj V X Ox l CHI c X topologicalspace Oxsheafofrings
ICastequivdaisofchsvaluationsonOx

obviousnotionofmorphism

Clearly Spais a functor Sheehy Huberpairs V contravariant

Definition An adiespacey is anobjectof V thathasacoveringbyspaofShealyHuberpairs
noneedformetobeGnhe acountablecover

7moregeneralnotionofpreadicspace incorporatingnonSheehyHuberpairs
butthisis anightmaretoworkwithgluingdoesn'twookwomansheahness

LECTUREFIVE TOPOLOGYANDEXAMPLES PakHinLee

consider X SpaKpETD IpETD with pit adictopology

IpETD is completeregularlocalnoetherianofdim2 butnotTate
hence X isShealy

Pointsof
uniqueprwithopenkernelCovsupport

x
p 2 GTD Fp s oB

secondmapsending p I

removetheclosedpout x p aiddehueopenadicsubspace

Y X Ifk it
ThenallpointsofY havenonopenkernel Suchpointsarecalled analytic

We can thinkofpandT as coordinatefunctions on X Inthisperspective p o is the
horizontalaxisand T 0 theverticalone OnY theycannotbothbezero



thelocus to consistsofvaluationsfactoringthrough inmenauklcase

XpGTD Xp Roo
ie twopoints closedpoint x pandagenericpoint xq Spa p2p
locus p o consistsof valuations factoringthrough

XpATI FpETB Rso

ie twopoints closedpoint xp
genericpt xpay C SpaFpITBFtpKTD

Thepictureis analytic point
0
q

Fo
spake

O
Fp p ospapETD pktD

Allotherpointsofy liesomewhereinthisfirstquadrantThiscanbemeasuredby
Propositionthereis a uniquecontinuousmap

x 191 Lo 3

suchthatforyeYi
lily In 7 IplgIm farall FSKY
ITCg I t holyIn forall ma Key

Extremecases K o along pro iemehorizontalaxis
K o along to theverticalaxis

ox I

0 Kop

Fo n
i

Spaap nn
i
i
i
OAfp p o spapETD pktD O



Exampleevery 2cEpwith 121 4 mmepadicabsvalue dehnes a valuationon IpETD
I Iz i f tfCzSlp

Then
KCI Iz Vp Z

Foraninterval I cCo 3 dehne
TI K t I

Am id Have Tcoas isthecomplementof f o ie thegeneric
fibreof X spaXpETDoverSpaZp

but K Ycop CO 3 is notcompactThus Yeoog is notquasicompactandcannotbe
athnoid

ThisishappeningbecausethereisnosensibleHuberringstructureon IpGTDCpt whichwouldbethenatural genericfibre toconsider Thereis anadditionalsubtlety theconstructionoffibreproducts
ofadicspacesissubtle themap

Xp IpITB
is notadic

Asintherigidworld wecancoverthiswithaninfiniteunionofrationalsets Inparticular
Yeoas Yun3

Tnandeach Y GTI Ipl rational Moreprecisely weareconsidering XpETB F we
mustcomplete andmenfind

Yun Spa Op T IF 74 T tf
A strangeneighbourhoodof Xpath

Consider Yeois whichistherationalsubset Iple Kl to Then

OxYeon Ox T.com t
where

OxtYeon T adiccompletionofTepCITDII
Notethat OxYeong isTatewithtopologicallynilpotentunitTbutitdoesnotcontainanynonaahfield

Explicitly OxtYeon ZpGTD1ZpE ie itconsistsof Ezant stn n

an cXpknlp.tladic
topology padictopology uplan Int tuco

VpIan Int o as n oo



FurtherremarksbyDavid
suchmugsnaturallyariseinthetheoryof Gr modulesThemugOcyco isArt inColinez Charbonnier
theideathatthecomplementin ofasmalleropendisce.gouryco.rs issomehowa ubudofaspecialfibre is
powerful Itexplainsseveralpreviouslymysteriousproposesofmodular forms spectralhaloof AndreattaIowaPillai where
behaviourbecomesincreasinglysimplerandmoreregularasyougotowards theboundaryoftheunitdisc

Topologyivaluatianspeet

LetA commutativemug Dehnethe valuationspectrum ofAtobe

Spv A valuationson A fu
withtopologygeneratedbythesubsets

U Hg vcSpvA V f E uLg to

theorem Huber SpvA isspectral

Note fora HuberpairCAAtl SpaA At CspA withthesubspacetopology

QuestioncanwedescribetheEquivalenceclassof V A Tofo withoutreferenceto P

Example ThiemannZariskispacesLetA K beafield Itis abasicfactofcommutativealgebra
that

Spv K valuationsubnugs R c k

RecallthatthismeansRis anintegraldomainwithFraeCR K st thee k wehave x andor x e R

Deh a thesupport of avaluation V A Poo is

Pv v o

It iseasytocheek
Pvisprivet
Vinducesavaluation J ar the residueheld

KCPv Fac Ala
faranygivenprimePCAand a valuation T 740 Po o thecomposition

A Alp Es Po o
is avaluationonA

Proposition SpvA P J PeSpecCA T valuationonKcp
P R PespecCA R C7407valuationsubring



A neatwayoforganisingthestudyofthetopologyofSpuCA isoramenaturalmap
4 SprCA SpeeA

sending Pr Wemarkof SpvA as a fibrationoverSpeeCA withfibres 6 P SpuKCPD

Proposition ie SpuCA specA isCts

Pf LetDla cspec.CA distinguishedopenThen

he Dca veSpv A a Pr
f veSpuCA Va to
v eSprCA V6 EuCa to
U Ola D

Notethereis a naturalchsection specA Spu1A sending p P touual

ExampleiSpvCAS Recallthat Spv 2 Spa2,2 consistsof

2 sending 2 lo to 1
foreachprimep Sp Z Fp oB sending Fp I
foreachp y i 2 Zp peufol padicabsolutevalue

Thereare z 0 hivan Q co Q
Up o padicav ar I lo 74ps
Sp Cp trivialvaluationonFp p Fp

Picture
Spv Z SprCa SpuFp

r

thisUp mm

speak o p

Here 3means specialisation

GRT Spr 74 ypT KpSp ftp7 Esp

Weusethispicturetounderstandspeedalisatiaismgeneral Twotypes

Vertical specialisations withina commonfibreE p
Horizontal specialisations movingtoadifferentfibreGumesimplestpossiblemanner



LEctuRESeoenitnrccoseoonnDis.cl HERoiEor At

Aims 1 pictureof Dracoi spa kits onLt closedunitdisc
2 explaintheroleofA

Z1 her k E nonarchimedean ko powerboundedelements Koo topnilpoteuseets k Kolka her
Dcar x ek Ix al er Dcar j x ek Ix alar

severalflavoursofpoints

TEE aero races InaleRo
Va Ket Ryo classicalfrigidpo.ws

inPakHiu'sterminology supportofva ranee Cta valuegp
Recall specialisationsofvespacAAt valuationrings in At c RE 6 f
Here

KVa K OCVa Ko ImCat ko

Type.LIhIi Let a c Ko recoD Let
Var f Sup lfix l Var i kLT IR oxcDear

Noteagain itisnontrivial thatthisismultiplicative

Have suppvar o

e.g Va Vo ta v Eait Siplait Gausspoin Z
Fixa vary r get

la Lo I Dfo 1
la o Va laCc 3

TakebE k then
la r lb Cr s r la bl

Z
Delini If re lk sayVar istypeII

theseare k 1 r la b
a retinal say Tambour.mgpo'mns

r us

Howmanybranchesare there If bFa then lbmeets la at Uar lbal r
andlb meets lb beta Var lbb'tar

havea P ateverybranchingpoint branchesoutofVar are P k rf rtl
A KS r l



Typeli D D Da nestedfamilyofdiscs in ko s.ir Dn cannothappen if K is
sphericallycomplete Then

g f inn3 tf
deadendsofthetree

wOGtakeDnradiusmlk1 canalwayschangebycohnalfamily

sofar Berkovich

TypeIi a cko r eCoI n lk't E L 73 if rel

her Pr folu IRo x r r's ra r fr cr rf L
rarer f r r if

Have
Va KLT ofu R o x r

f E ai t a i i suplaitri

withsupport 0

Have Va f E Va g either supilailricsuplb I ri
or sup laitri sup lb.ir and me aisupoccursnoearlier

thanthebisup

Thus Tf Vaf f s VaEg Var f s Varig
Buttheconversedoesnothold

Thus Vair is a properspecialisationofVar

cheek thisis everything K ftJE KCT
v dit ly v T a

Type I II I cured I notcloud



allehe
um I i.B.ge Voiconuutsmem

l I i
1 i i

f lo
RYEvener

Z Gausspr

l
g
P

type www.maiyaae
type nineteen

y lo ei

notinko

TypeI
Type IHI 0
TypeIV

01

Type I

lb



ZZithc.no ofAt LetK op so Spv K SpackKo I I

Whatis SprClpLT
I amcmvaluations

ve SprQpCT Vlap ds so lap l l V Og El

So SpvEpa Spa ClpCT Og
notstrictlyvalid

c SprCA a cA Vlad I is anopenprimeideal
VtSprGpCTS MepCT 1

So
Spv IcpCT SpaClp T Gap MapCT

mannowallowed itnme smalleetallowedintegralring
Sprisalwaysa spareally

whatis SpaClpCT Clap MapCTS whatelsehavewepickedup

QpCT DepCT Z Qp53Clap MapLT Z QpCpt clapCpt

Diplo1 E Spv QpLTD E DepIo Ip l

If VEDepIOIp1 satisfiesVCT r some reR r 1 then v4SpaQpCT Og1MepCT
pick xcng rChelal

n upshot
extendedclonedunirdisc

SpaGLT OopMapLt Dapto1 Vo

themissingpoint
we'reneaveredapointweweremissingbychanging At

Lemmai Spa QpCT DeptMepLT is properover SpacQpclap

proof Dq10,1 Dep 0 If't P men SpaQpit Clap MepLTD istheclosure of
DgCon inside Pf D

thisgivesus a canonicalcompactification ofDaptoD

andthisworksmgreatergenerality

Let Alapafhuordalgebra men Spa A Clap1A is a canonicalcompactificationof SpaCAAo

adicspaceshavecanonicalpartial compadshiahous
Til'snotalwayspropel HEproportSpaCAAo isquasicompact



eg Openunitdoseisitsowncancompact

RinkthisiswhyHuberintroducedMrsallowsopenlysupported etacecohomologyofrigidspaces Serredualiyek
DaudanodogiestoGrossKohnendaggerspaces cpersupposedderham4coherentcohomology

LEctuREEiGut PERFECT0iDFiE4 Nadav Cropper

r
Fontaine Wintenberger19705i gaveacorrespondence betweentheGaloisgroups of Qp pk andFpatt t49
andinparticularanequivalenceofcategories k Kb

finiteextensionsLotk finiteextensions LbofKb
Aconcreteexample CccNoposh1Lbistheheedgivenby X 7tx e5

wawtotakeL via tap X 7pxp5However I eg p 3men
7txt es XZ tx to

but wedon'texpectmeGeldscutoutby X 7pXtp cud X pXtp5 tobethesame henceneedtoaddme
ppowerrootstoreorg

Def A hold Kiscalledperfected ifit'scomplete nondiscretelyvalued withpolarresiduefreedcharCopw pp
and x XP issurjectiveon Onp

Remakeeveryelementof 1KYisapinpower

Examples i QpMpa
4 FpaCepas r
3 OpTp't Nonexample 0pct companionofmaximalunrankedextension
4 Clp notsurjectiveon Oryp

Havethetithingprocedureallowingtransfer fanmixeddearCop toCpp If Kpolaroid thetiltofk is
kb dim kx xp

withaddition
x x t y y 2 o 2

where

zci align xcan y
can1 4

Thiscomesfrom Orb dim 6 die 04ps unug x y modp xPyPCuredput'tx xp E
EFrobenius

then KbFrac club

Givenasequence X o x wehaveamultiplicativemap
Kb Lim k k
f f

byprojectionontothezerothcoadnate



Lemuria themap
I lb i Om a d s 12 I

dehues a nonarchabsvalue Wehave
1 lowI 10kt samevaluegroups
2

PropositionKbwith llbis a perfectcompletenonaidheldof charp Club Lim04pmOn

Facts i Gpb algebraicallyclosed

2 Finiteextensionsofpetaloidfieldsareperfectoid
3 suppose

thenwant F st CFgb f
pfpb b C F c apb

severalwaystodothis wiltvectors almostmathematics
if mehF exits then Fdgclosed s F algclosed inegabovethisforces F Gpb

Perfectoidring

Definition AcompleteTalepnng R iscalledpetaloid ifthisuniform thepseudo uniformW O cR sit
OYp in Ro andsit

OI RYO RYOp

is anisomorphism

Again have Rb m R andunhitingscrap

theorem AHuberpairCRRt withR poheetoid is Shealy

Let X SpaCRRtl Dehne X SpaRb Rtb Thereis a homeomorphism X Xbwhichpreserves
rational subsets If Ucx rationalsubsetmen 6 1U isperfectoid

DefinitionA poledoidspacy is an adicspacewhichis coveredbyadicathnoids spaCRRt wimRpetaloid

Thetiltingproceduregluestoa functoronperheetordspaces andtiltingisan equivalenceofcategories

Alsohave agoodnotionofEtoilesiresarpoleefordspaces andtiltinggivesanequivalenceofsites

whypokeloids

L QpTpYpo Lb FpKtTEpas Have IAnbadI kin IAandI henceprojection

pr P1 R s X smoomcompleteintersection

NoteprCxIwillnotbegivenbyequation prmtranscendental butwehave a Galoisequivariantinjeehuemap
Hi x Hipicx



an l adiecohomologytheories

lemmai Let 5 smallopenneighbourhoodof X thenthereis a hypersurface Ycpr X approximationalgorithm

passmraegh Ytogettodeemedremit

LECTURE NINE THEPERFECTOID MODULARCURVE DavidLoeffler
a

Z1 setting
Let n73 Then F aualgvariety y n Q fullluimodularcurve st

TCn e T.cn IH x 74h25

andforanychar0field

YCn L EPQ Ek ellipticcurve PQbasisofECM

Makeitproper X n Yin 0 cups smoothproper

Probing herfixedp understandthetower X p xp

Important butprettyhardreductiongetsincreasinglybad

wanttomakesenseofinverselimitsofadicspaces Notobvious limitsofHutumugsmightnotbeHuber

Beth hit x

x inversesystemofadicspaces adicmappingtoeachXi

Say X n 1 X tidlel.int ifi
a 1 1 LiyeKil Bomoftopspaces
b X hasacovering uUjkgafhuoids sir

lifeOxtf Uj 01Uj
hasdenseimage Vj

Thm Scholze If Xi adicoverSpaCCOc Cperfectoidfeed X perketord thereitisyuigue

acounterexampleingeneral in ScholzeWausau constantsystemonadic withtwodifferent topologies
notpossibletogetsuchperfectoidexamples

Firstarosefrompdivisiblegroups thereareatoyexample

Z3ipoketoidmodula.ae

theorem Scholze 7 apetaloidspace spaCapOg sh I dim pm9dg oranypokcioidextnof
pTup.D

theyneedtocontainthis shnuneofhu.ie
wimodularcurvesnegumesir



Basicoutlineofproof breaktowerintosteps Topm T pm Pcp
Strategy firstlookat

Io pm HoCp
classifyingellipticcurveswithacyclicsubgpCaiderp

Ho f a aahcanonicallocus locuswhere E is ordinary and Ciscomplementary toELp
torsioninformalgroup Alsohavecanonical loan C Epm

Igusatower morecommon

F a formalschememodel Sir
Cp a Ho p Ja

KFrobenmsmodPI I can build cp jaas anadicspace audit'sperfectoid

overconvergence far EC k canmakesenseof 7C pas E a thingslessthan Eaway
from Io E a 1 argumentextends

1 valuationofHassemeanout C E

ExtendfromPop to T po thenPcp headachesatthecusps Mapsare etale
awayfromcusps L Shimuracumes et Chojecki Hausen Johansson BenHeuer'sthesis

useactionofGlcCop toextendfromanticanlocus 2 pm iscovered byfinitelymanytranslatesof ago ea
posectoidbytransportofstructure is

Z4itheperiodm.at
Theoremis beautiful butwhatis itgoodfor

mostusefulbecauseofa byproduct of construction

theorem 7 morphismofadicspaces HodgeTateperiodmap
t.tt TECpo P'g

ad

Idea Clp psof TECpo noncuspidal ellcurves Elap basisofTpcE Xp
HodgeTate decomposition TpE Qp RE Qp canonical 1dimsubspace

lineinside 2dimspace elementof P
sononcordLocussenttopadicXp

Quitestrangemorphism allofordinarylockssentto Pdp
Ipap

sina.at9hiiuEi nmgm snem7o

poo
hismainapplication computecohomology fateKasse
invariantsfrom tar chop Cpd intopalatablepieces



LECTURETEN PERFECTOID MODULARForms ChrisWilliams

caveathugetopichardtoknowwhatto
El classicalmodularforms leaveout

D f n cShack Kpositiveinteger equivalentwaysofdehning Much

analytic 71 Zee Inez o K't 2CupY S.M.f B
f X't Q holomorphic

f re Ced ECE Hr Ga'd c P

Cl Geometric Let pr H MH't Xp Dehnesheaf Wuar Xpby
wa v f pi V cu't e holo f te a dKfc4

s Mach Wa Xp Ho Xp Wa

Facts Wu is a linebundle locreel
bothXpand Wuadmitmodels over nicerings R

ALGO Geometric Mu P R HYXpr wa

havegexpansions in REED

At heartoftheseresults modulinterpretation

Xp R n EIRell Carne t r levelstructure

Aversano reinterpret modformofwt kWl P overRis

i f EIR extradate R

functorialofwtk m extradata



222 padicmodularforms a laSerre

Guidingquestiari pprime f e MuLt NII Let km Ktpm k padically

Q Do FHeeheeigeuformsfmEMrmLtiCN51s.t fm f as m oo

ie f e Eang fmte E ai g and anm au tin
uniformly

Nainereinterpretation
systematicapproagh

Ii LImiIaneam
I mma

qf.gg
needtoworkwithlarger o din spaces

K Kzn Kem km
mtdehurh.eu Sene

M and PG Xp Hq c 2pAqJl F fi c Me Pll 2

Sir fi f ki k

padiccompletionofmodfans

2emenhs i alreadyveryusefulforstudying congruences between M f Ramanujan

z butthisspace is toby
eg hEp2p ft M

ad
f l Upi I viUp f e µ

Padic

Then Npfr tf
F pathologicaleigenforms spectrumofUp is continuous
nogoodspectraltheoryofHecheoperators

can'texpectMP
ad
totellusanythingabout

classicaleigenforws



E3ioverconvergentmadulerfories

Coleman geometricfix Let X Xmas

Fact 7modularform A overXp s.li
i A E data e 2p F ordwayafp

p2p E suposingularatp

a A g ICmodp in 2pfqD
Ifp35 cantakeA Ep Eisenstein

oadic
A is invertible in Mt Mil Ip

Pf AP q 1 modpm

s m AP q I

LmgAP q YA D

observe E Ss ACEdate ep2p not invertible

YA only welldehued ar CEdata with Eordinary

Hence wanttomakesenseof ordinarylocus XO'd CX



supersmgularlocus

A Ps
Zp modp

Zp I
ordinarylocus

param orddeceives X
2p Xffp

Xord subspacewhere IAI L meaninglessintertidal
butdehnablemrigidworld

Ddd Hq Wu I qf2p wa formalscheme

het zcord IAI4 e

Then Maid shod Holst f2p wa

Have Mr Ho TE Wa toosmall
n n
Mue
adic tf Hood wa toobig



Det Coleman consider OEE c IpH
ord c DELe c

Iii
IAI71104

parametries ellcavesthatare ordinary or nottoo supesingula

Define E overconvergentmodulerforusofutk to be
Mut Ho 63 wa

c
Ma Map

adic

Facts 1 MathasdiscretespectrumofHecheeigenvalues
nottoobignow

2 afteradding levelToIp structure spacesMEvarypadreetlym k
defgeteigenforms fun f for a y f

224 Analytic Orc mod forms

Analytic Geometric

Classical f X Q Hok Wu

aeconagay waw w

padicserve 140 63Wu

Qs 1 missinganalyticdelis

2 moregeneral padicweights



Q picture faradZai
Z coad

fune Ccztd on74up Q pl

pr r
delved 1I
using wt s Xp

coand

padic 2 1 2 z
on

func cZtd on 7Cpcp E a p
i
i
i
i Prf Is.iq
we a Le

Them Chojecki HansenJohansson Birkbeck Kear W

An E oneconvergentmodularformisalso a perfectoid function

f 74g a Ep
Sir

f Te cztd
k ft fzeSLzC2p

Det a padicweightis a
character

K Zf Qf
eg ke 2 Kcc Xk

k is a padicweight

Det M a padiccot Dehne

Mpt Pulp f XpgoIda Ep
f re Kilcztd f e

vrefocp


