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a m i
lookfor surprising connections between

differentfields

Today congruentnumberproblem andinsurprisingconnectiontoalgebraandanalysis

IffTIffffstwesay N iscongruent it F a rightangledtrianglewith

rationed side lengths andarea N

e.g a 6 is congruent 3

b 5 is congruent
3 2

c I is not congment theoremofFermat 1670

ideaofproof infinitedescent Ifa as me 2s plopgig

Ancientproblem which N are congruent

appears inmanuscriptsfrom10thcentury tothisdaywe canonlyguesstheanswer

Not If N me IN Men N congruent Nm congruent

reduceto studying squarefree numbers N p pr pi all distinctprimes



Examplesofsquare freecongruentmembers 140 circledin red

1 A 17 2 33

2 10 Y 26 340
3 11 19 35

130

015
A 34 407

X notsquarefree O congruent

Congruent numbers 516,7 13 14,15 21 22,23 29,3031,34
Noncongruentnumber 1 2,3 10,11 17,1926,33

clearpatterns N 5,617 mods Is N is congruent

N I 1,213 mod8 Is Nis usually notcongruent
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Some trial solutions

ay 0,0 N07 CN o Callw y o

Dothereexistanymore



Examples 4,6 e Es Q

3,9 e Es Q

E a 0,0 1,0

N F Ky EEN O withy 0 516,7 13 14,15 21 22,23 29,3031,34
N AllGy EEn10 havey 0 1 2,3 10,11 17,1926,33

Proposition N is congruent 7 Ey e Enloe withy 0

Pf sketch Suppose Nis congnent Let

a'tb d
a a b c eh with

area at N

4 20 atb C 4Nthen

g g 4 a b E 4N

x a b c 16N
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Let X E Y gtd Then have

y y N X Y 0

Converseis similarbutharder D

QuestionWhendoesF x y E EnCh withy o

keything En

II o

Effigies.it i endolvericallme

Remarkableproperty wecandoarithmetic

n
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Suppose P ay Q x y arepts
Drowthelinebetweenthem Thishitsa 3rd out R eEn O ok
drawtheverticalline throughR Thishitsanotherportin Enla off callitPtQ

Amazing Fact EnCh u a is an abetrangroup

Let P Gy E En O Write2P PtP 3P 2PtP etc

allcountedwithmultiplicity thisis Bezont'shorem



Examples Always have P to P

In Ew O have

2 o o 2 N O 2C N O D

P C4,6 e Es Q Then

210 1 951 sp C

gettingincreasinglycomplicated

Fay P2P 3P 48 are alldishnet y 0

antiCorollary N is a congruentnumber a Ewca isintrude

Q whenis Ence infinite

Foreachprimep let ape Ptl EnFp
t I lay tip y x N'a

Let LpEns tapps see

Llews Ee Pls ftp.welplens

Theatre Ens defines auniqueanalprehinetian Q Q

convergesabsolutelyforRecs 3 2 andhasanalytic continuationtoA



them 1 If NE 516,7 mods squarehree then LCE s is shangmucheaondst

ie Ew s LIEN 2 S

2 If N 1,213 mods squarehee then LCE s is symmetrearoundset ie

LIEN s LIEN 2 s

N w L En S stewsymmetre 516,7 13 14,15 21 22,23 29,3031

N w LIEN s symmetric 1 2,3 10,11 1719,2633,34

thevalueLCEi is veryimportant ie if NE56,7mods then

LCE1 LCEN 0

Examples

N si LCE 1 0 516,7 13 14,15 2122,23 29,3031,34

NS.t LCE I 0 112,3 10,11 17,1926,33

25BSDIConnechngalgebraandanalysf

Conjecture Birch SwinnertonDyer LIEN11 0 Enla isinfinite

Corollary If NE516,7 mod81 then LCEN11 0

ED En la inhu.tt

Nrs congruent
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Howdoweprovethis

idea lookforotherbridges
changetheway we viewdistance


