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Abstract

The p-adic L-function of a modular form is a distribution that sees certain special
values of the classical L-function. In this article, we discuss a link between modular
symbols and such functions due to Rob Pollack and Glenn Stevens, who interpolated the
spaces of classical modular symbols via the space of overconvergent modular symbols,
exhibiting a ‘specialisation map’ from the space of overconvergent modular symbols to
classical modular symbols that is an isomorphism on small slope eigensymbols. They
use this to prove that for an eigenform f with small slope, p-adic L-function Lp and
corresponding overconvergent modular symbol Φf , we have Lp = Φf ({0}−{∞}). Finally,
we talk briefly about thoughts on how to generalise this to obtain the p-adic L-function
of a Bianchi modular form, that is, a modular form defined over an imaginary quadratic
field.
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Introduction

In recent years, p-adic L-functions have been a subject of considerable study. As an example,
the ‘main conjecture’ of Iwasawa theory says that two methods of creating p-adic L-functions
- via module theory or interpolation - are the same. They have also been used in the con-
struction of Stark-Heegner points, a (conjectural) generalisation of Heegner points, which are
global points on CM-elliptic curves that were used to prove the Birch and Swinnerton-Dyer
conjecture for elliptic curves with analytic rank ≤ 1. In this article, we will describe recent
results of Pollack and Stevens, who used overconvergent modular symbols to give a beautiful
and computationally effective construction of the p-adic L-function of a modular form.

In section 1, which is largely motivational but does contain a few moderate prerequisites,
we discuss the background theory of L-functions and overconvergent modular forms. Sec-
tions 1.1 and 1.2 will be important in our later work, and a very brief introduction as to what
p-adic L-functions are is given; namely, a nice function on a p-adic space that interpolates
classical L-values (after we embed them into Qp). Section 1.3 largely stands alone, describing
methods for p-adically interpolating classical spaces of modular forms due to Hida, Katz and
Coleman. While an understanding of the results themselves is not required for the remainder
of the article, an appreciation of the nature of these results is a useful aid to understanding
Pollack and Stevens’ work. The important thing to note is that there is some big space of
overconvergent modular forms that contains classical forms of p-power level, and any weight,
that retains a nice theory of Hecke eigenforms that almost mirrors the classical case. Fur-
thermore, for suitably chosen congruence subgroups Γ, we can describe precisely when an
overconvergent eigenform is classical (see Theorem 1.13).

The meat of this article is contained in sections 2-4, where we describe the theory of classical
and overconvergent modular symbols. Modular symbols are a formal tool for both theoretical
and computational use in the study of modular forms, though we concentrate on the former
application here. They are constructed entirely algebraically, as Γ−invariant maps from the
group of degree 0 divisors on the cusps into a suitable space with a Γ-action, but still manage
to ‘see’ the analytic spaces of modular forms, via the Eichler-Shimura isomorphism. An easier
result to see is that the space of cusp forms embeds nicely into the space of modular symbols,
that is, to each cusp form f we can attach a modular symbol φf . One can consider the
definition of modular symbols as ‘throwing away’ certain analytic information about modular
forms, making it easier to study the properties we have left. One object that is easier to study
with modular symbols are L-functions of modular forms; a fundamental reason for studying
them is that for a cusp form f , the modular symbol φf accesses the L-values of f with ease.
Pollack and Stevens interpolated the spaces of classical modular symbols of all weights by
some large space of overconvergent modular symbols, much like the result for modular forms
described in Section 1.3. In a result analogous to Coleman’s, they then define a specialisation
map from this large space to each classical space of fixed weight, and show that this map
is an isomorphism on small slope Hecke eigenforms (that is, eigenforms for which the p-adic
valuation of the Up eigenvalue isn’t too large).

The upshot of all of this work is that for suitable eigenforms f , we have a very easy and
computationally effective method to find the p-adic L-function of f , since it can be obtained
simply by evaluating the overconvergent modular symbol corresponding to φf at the degree
zero divisor {0} − {∞}.

We conclude in section 5 by mentioning possible future directions for this work, namely
generalising the results to modular forms over imaginary quadratic fields. Due to the lack of
concrete results in this area, section 5 is largely speculative at present.
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1. Preliminaries and Motivation

In this section, we (briefly) discuss the general setting with which we’ll work. The typical
reference for the classical theory of modular forms is Diamond and Shurman’s A First Course
in Modular Forms [DS05], in which the L-function attached to a modular form is discussed
in detail (in Chapter 5). We will also mention the theory of overconvergent modular forms,
which serves to motivate the theory of overconvergent modular symbols as a ‘large’ space of
modular symbols that interpolates the spaces of classical modular symbols of each weight.

1.1. L-functions of Modular Forms

First we fix some notation. The upper half-plane and extended upper half-plane will be
denoted byH andH∗ respectively. Throughout, Γ will typically denote a congruence subgroup
of SL2(Z), and k an integer. In the introduction, we will use the Gamma-function, which we
denote by the italicised Γ to avoid confusion.

Definition 1.1. Let f be a cusp form of level Γ and weight k, with q-expansion

f(z) =
∑
n≥0

anq
n, q = e2πiz

at ∞. The L-function of f is defined to be

L(f, s) =
∑
n≥1

ann
−s.

If χ is a Dirichlet character, then we define

L(f, s, χ) =
∑
n≥1

anχ(n)n−s.

Given such a series, it is natural to ask where it converges. To do so, observe that Im(z)k/2f(z)
is bounded on the upper half-plane, which (with a careful application of Cauchy’s integral
formula from complex analysis) allows us to prove:

Lemma 1.2. Let f ∈ Sk(Γ) be a cusp form, with associated Fourier series

f(z) =
∑
n≥1

anq
n.

Then there exists a constant C such that

|an| ≤ Cnk/2.

We now obtain the straightforward corollary:

Corollary 1.3. If f ∈ Sk(Γ), then L(f, s) converges absolutely and uniformly for Re(s) >
k/2 + 1.

We can, in fact, say more about the analytic properties of L(f, s); namely, that it has an
analytic continuation to the whole complex plane. To prove this, we will require results
about the usual Γ function, defined to be

Γ (s) =

∫ ∞
0

e−tts−1dt, s ∈ C,Re(s) > 0.
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This has meromorphic continuation to C and is everywhere non-vanishing, i.e. Γ (s)−1 is a
holomorphic function on C.

Now replacing t with 2πnt, we can obtain a formula for n−s:

Γ (s) =

∫ ∞
0

e−2πnt(2πn)sts−1dt,

n−s = (2π)sΓ (s)−1

∫ ∞
0

e−2πntts−1dt.

With this, we can further examine the L-series expansion. Multiplying by an and summing
over n ≥ 1, we find that for Re(s) > k/2 + 1,

L(f, s) =
∑
n≥1

an(2π)sΓ (s)−1

∫ ∞
0

e−2πntts−1dt

=(2π)sΓ (s)−1

∫ ∞
0

ts−1
∑
n≥1

ane
−2πntdt

=(2π)sΓ (s)−1

∫ ∞
0

ts−1f(it)dt, (1)

where here we can rearrange as the sum converges absolutely for Re(s) > k/2 + 1. Now, for
small t, we exploit modularity of f to rewrite this integral in a form that converges for all
s ∈ C; in particular, we split the integral into two intervals [0, 1] ∪ [1,∞] and then use the
identity

f

(
i

t

)
= f

(
−1

it

)
= (it)kf(it).

This gives

(2π)−sΓ (s)L(f, s) =

∫ 1

0

ts−1f(it)dt+

∫ ∞
1

ts−1f(it)dt

=

∫ ∞
1

t1−sf

(
i

t

)
−1

t2
dt+

∫ ∞
1

ts−1f(it)dt

=

∫ ∞
1

[
−iktk−1−s + ts−1

]
f(it)dt.

Since f is a cusp form, f(it) has exponential decay as t → ∞, so the integral converges
uniformly and absolutely on compact subsets of C. We sum up in:

Theorem 1.4. If f ∈ Sk(Γ), then L(f, s) has analytic continuation to C.

Proof. From the above, we can write

L(f, s) = (2π)sΓ (s)−1

∫ ∞
1

[
−iktk−1−s + ts−1

]
f(it)dt

Now, since (2π)sΓ (s)−1 is analytic on C, the result follows.

Remark: Though we’ve rewritten L(f, s) in this form to prove the above result about analytic
continuation, the identity we are primarily interested in is equation (1), which will give the
required link to the modular symbols defined in the next section. We rewrite this in a more
useful way, noting that the Γ function evaluated at positive integers j is just the familiar
factorial function (j − 1)!. Thus, for a positive integer j, we have

L(f, j) =
(2π)j

(j − 1)!

∫ ∞
0

tj−1f(it)dt = − (2π)j

(j − 1)!ij

∫ 0

i∞
zj−1f(z)dz,
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after a change of variables. This we rewrite to

2πi

∫ 0

i∞
zj−1f(z)dz =

(j − 1)!

(−2πi)j−1
L(f, j),

for reasons that will become clearer later.

1.2. The p-adic L-function of a Modular Form

A p-adic L-function is a p-adic object that interpolates special classical L-values. For example,
the p-adic L-function of a cusp form f should ‘know’ the value L(f, 1). However, this value
is a complex number, and it doesn’t make an awful lot of sense to talk about a function on
a p-adic space taking complex values! We’ll sidestep this issue with a wave of the hand and
the following theorem (see [Shi76] for the relevant result on L-functions):

Theorem 1.5. Let f be a cusp form of weight k ≥ 2. Then there are periods Ωf
+,Ωf

− ∈ C
such that for cusps r, s, the integrals∫ s

r

zjf(z)dz, 0 ≤ j ≤ k − 2,

lie in Q ⊗ L, where L is a lattice generated by some linear combination of Ωf
+ and Ωf

−.
Furthermore, for r = i∞ and s = 0, the integral is an algebraic multiple of one of Ωf

+ or
Ωf
−. Hence the L-values of the modular form at these special integers can be described as

algebraic numbers multiplied by explicit computable constants, and dividing through by these
constants, we may embed them into Qp via a suitable fixed embedding of Q ↪→ Qp.

Remark: In the weight 2 case, modularity gives a link between this and the periods of an
elliptic curve, and this is used in the statement of the Birch and Swinnerton-Dyer conjecture.
See [RS11], Chapter 17, for details.

Saying that p-adic L-functions live in a ‘p-adic world’ is unhelpfully vague. It turns out the
correct space to consider is:

Definition 1.6. Define weight space W = Hom(Z×p ,C×p ). Note that via the isomorphism

Z×p ∼=
{

Z/(p− 1)× (1 + pZp)
Z/2× (1 + 4Z2)

: p 6= 2
: p = 2

,

we have a nice description of weight space as the disjoint union of a finite number of copies
of an open disc in Cp centered at roots of unity. Note that W contains, in particular, every
p-power Dirichlet character and every integer via the power maps z 7→ zn. Furthermore, we
can pair these together; (n, χ) corresponds to the map z 7→ znχ(z).

Now the p-adic L-function of a modular form f of weight k is defined to be a rigid analytic
function Lp on W that has suitable growth conditions (i.e. is tempered) and such that when
we evaluate at (n, χ), for 0 ≤ n ≤ k − 2 and any χ, satisfies

Lp(z 7→ znχ(z)) = L(f, n+ 1, χ).

(See Definition 1.1 for the definition of a twist of an L-function by a Dirichlet character).
For modular forms of slope 6= k − 1 (see Definition 1.7 below), this is enough to uniquely
determine Lp.

4



Overconvergent Modular Symbols and p-adic L-functions Chris Williams

1.3. Overconvergent Modular Forms

The theory of overconvergent modular forms, due to Katz ([Kat73]), came about in an effort
to p-adically interpolate the spaces of classical modular forms of each weight, which amounts
to constructing a space which somehow encapsulates the classical spaces of modular forms of
weight k as k varies p-adically continuously. Hida was the first to make progress on such a
theory, working with Hecke eigenforms that are ordinary. Throughout, N will be an integer
coprime to p. The reader should note that this section is intended mainly for motivation only,
and only Definition 1.7 and Proposition 1.8 will be used in the sequel.

Definition 1.7. Let f ∈ Sk(Γ0(pN)) be a Hecke eigenform with Up eigenvalue ap. (Here Up
is just the Hecke operator Tp, denoted differently since p divides the level). The slope of f is
defined to be vp(ap). We say f is ordinary if it has slope 0, that is, if ap is a p-adic unit. We
write Mord

k (Γ0(pN)) for the space of ordinary modular forms of weight k.

On the surface, here we are taking a p-adic valuation of a complex number, which in general
isn’t possible. Recall however that Hecke eigenvalues are necessarily algebraic integers, so
we can always take a suitable embedding into the algebraic closure of Qp to obtain such a
valuation.

The following will be useful in later sections:

Proposition 1.8. The slope at p of an eigenform f of weight k and level Γ0(pN) is at most
k − 1.

Proof. Either f is new at p, in which case ap(f) = ±pk/2 (hence we’re done), or it is old at
p, in which case it lies in the span of g(z) and g(pz) for g an eigenform on Γ0(N). Explicit
calculation shows that this subspace is stabilised by Up and in fact the characteristic polyno-
mial of Up is the Hecke polynomial X2 − ap(g)X + pk−1. Hence the eigenvalues of Up, which
have non-negative valuation and are roots of this polynomial, must have valuation ≤ k − 1
as required.

The basis of Hida’s p-adic family was the following remarkable theorem:

Theorem 1.9. The dimension of Mord
k (Γ0(pN)) is independent of the weight k mod p− 1.

Remark: We can, in fact, dispense with this congruence condition by passing to the congru-
ence subgroup Γ0(N)∩Γ1(p) and introducing the Teichmüller character, that is, the character
ω : Z×p → Z×p obtained by composing reduction (mod p) with the Teichmüller lift. Then the

statement is that dimCM
ord
k (Γ0(N) ∩ Γ1(p), ω−k) is truly independent of the weight k.

Using this result, as we vary the weight p-adically we have control over the spaces of ordinary
modular forms, and it’s not unreasonable to expect that a family interpolating all of them
exists. Similarly, p-stabilised Eisenstein series also vary p-adically nicely as the weight varies.
If Ek is the usual Eisenstein series of weight k, then its p-stabilisation is

E
(p)
k (q) = Ek(q)− pk−1Ek(qp)).

Now, if k ≡ 0 (mod p− 1), and k ≡ k′ (mod pn), then E
(p)
k ≡ E(p)

k′ mod pn.

Remark: Again, more is true; there exists a universal Eisenstein series, with q-expansion
in A(W)[[q]], where A(W) is the space of rigid analytic functions on weight space, such that
evaluating the coefficients at any element κ ∈ W gives an Eisenstein series Eκ. This universal
Eisenstein series thus interpolates the classical Eisenstein series. For an example of this with
which the reader might be more familiar, recall that in proving that there exist elliptic curves

5
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of any j-invariant, we write down an elliptic curve defined over C(j), and then say that
evaluating at j = α for any α ∈ C gives an elliptic curve of j-invariant α. Note here that C(j)
is the ring of functions on X(1), which can be seen as the space of all elliptic curves, in the
same sense that A(W) can be seen as functions on the space of all possible weights of p-adic
modular forms (hence the name ‘weight space’ !).

Since the dimensions of spaces of classical modular forms grow linearly in k, this is not a trick
we can repeat for non-ordinary forms. Coleman’s idea was to pass up to a space of infinite
dimension, which we might hope to contain suitable classical forms of any weight.

Unfortunately, space dictates that giving a detailed account of Coleman’s work is not possible,
so we sketch only the very basics. First, we note that there are many different ways to define
modular forms, and sadly the most typical is also fairly useless when we try and work over
arbitrary rings; here is a better definition for our purposes.

Definition 1.10. Let R be a ring. A meromorphic modular form of weight k and level 1
over R is a function f on isomorphism classes of pairs (E/R, ω) into R, where E is an elliptic
curve over R and ω ∈ Ω1

E/R is a differential on E, such that f satisfies

f(E/R, µω) = µ−kf(E/R, ω) ∀µ ∈ R×.

Remark 1.11: To be a bit more precise, we’d like to have a compatibility relation for modular
forms over S, where S is an R−algebra. Though we’ve sidestepped this in the above definition
for simplicity, such a way of incorporating this is to instead define modular forms to be
functions on triples (S,E/S, ω), where S is an R-algebra, and then stipulate that for any
homomorphism of R-algebras φ : S → T, we have φ(f(S,E/S, ωS)) = f(T,E/T, ωT ).

The reader who is not familiar with this definition may be bemused as to where it comes from.
For the complex case, it is explained in detail in [Cal13] in the first section; as a sketch, in most
first treatments of the Hecke operators, complex modular forms are shown to be equivalent to
functions on complex lattices satisfying suitable homogeneity/boundedness conditions. The
uniformisation theorem of elliptic curves says that complex lattices up to homothety are
equivalent to complex elliptic curves up to isomorphism, and a corollary of the theorem is
that complex lattices biject with pairs (E,ω) of elliptic curves with a specified differential.
This bijection is given by taking a lattice Λ to the corresponding Weierstrass equation given
in the uniformisation theorem, then pairing with it the differential dx/y. This then respects
homothety in the sense that if Λ corresponds to the pair (E,ω), then µΛ corresponds to
(E,µω).

Remark: To illustrate the point, note that two of our favourite modular forms are very easily
described using this definition. Each pair (E/R, ω) has a canonical corresponding Weierstrass
form E : y2 + a1xy + a3y = x3a2x

2 + a4x + a6 such that ω = dx/y. Then the map sending
(E/R, ω) to a4 is none other than the Eisenstein series E4 (and similarly, mapping to a6 gives
E6). What’s more, recall that these two modular forms generate all modular forms of level 1
as a C-algebra!

In the above definition, we stipulated ‘meromorphic’, as we’ve said nothing that would cor-
respond to ‘holomorphicity the cusps’; this is somewhat trickier to get a handle on. On this
subject, we just remark that the way to define this suitably is to use Tate curves, which Tate
introduced to prove a p-adic analogue of the uniformisation theorem (see [Sil94], Chapter
V). The Tate curve T (q) defines an elliptic curve over the ring R((q)) of Laurent series over
R, and we can evaluate our function f as in Definition 1.10 on this curve (with a canonical
choice of differential) to give a q-expansion in R((q)). The condition we require is then that
this q-expansion in fact lies in the subring R[[q]]. From now on, we refer to modular forms
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over an arbitrary ring R to be automorphic forms with this condition.

Remark: We’ve said nothing about modular forms of higher level. To address this, note that
the modular curve Y0(N) parametrises elliptic curves with a prescribed subgroup of order N .
This extra torsion data is typically called level structure. The definition of modular forms
of level Γ0(N) is now defined to be functions on triples (E/R,α, ω), where α ≤ E(R) is a
subgroup of order N and ω is as above. For any congruence subgroup there is an appropriate
corresponding notion of level structure (e.g. for Γ1(N), α should denote a point of exact
order N , and for Γ(N), it should denote a basis of the N -torsion).

There is a natural p-adic topology on the space of classical modular forms since there is a
basis of this space with integral q-expansions. Now it makes sense for the space of p-adic
modular forms over Zp to in some sense be the completion in this topology of the space of
classical modular forms over Zp. Let’s think of an element in such a completion. We start by
considering a modular form over Fp, and lifting it to Zp.

Fact: The function Ā defined on pairs (E/Fp, ω) by

Ā(E/Fp, ω) =

{
1 : E is ordinary
0 : E is supersingular

defines a modular form over Fp with q-expansion identically equal to 1. (Recall that an elliptic
curve E over a field of characteristic p has E[p] equal to either Z/pZ or 0. In the former case,
we say E is ordinary, and in the latter, E is supersingular. Note that supersingular does not,
confusingly, mean singular!). Ā is in fact the Hasse invariant of E. See [Sil86], Chapter V.3,
for further details.

Now, we have the Eisenstein series Ep−1 ≡ 1 (mod p) for p ≥ 5 (from a fact on Bernoulli
numbers), and so the reduction of Ep−1 has q-expansion 1 over Fp. Hence, by the q-expansion
principle (modular forms are determined by their q-expansions), Ep−1 ≡ Ā (mod p) is a lift
of the Hasse invariant to a modular form over Zp. Similarly, for p = 2, we have a lift E4 of
Ā4 (mod 8), and for p = 3, we have a lift E6 of Ā3 (mod 9). The important thing here is not
the lift itself, but the existence of such a lift (that we must take a p-power of Ā for p = 2, 3
does not matter; see below).

Let A be an lift of Ā to a modular form over Zp. The q-expansion of A is congruent to
1 (mod p), so raising A to p-powers gives

Ap
n

≡ 1 (mod pn).

It follows that (Ap
n

)n is a Cauchy sequence in the p-adic topology, and hence in the comple-
tion tends to a limit, which by the q-expansion principle is 1. Thus the sequence (Ap

n−1)n
also converges to A−1, so that A is invertible in the completion. If it is invertible over the
completion, then its reduction (mod p) certainly should be; but Ā takes the value 0 on super-
singular elliptic curves, so A can’t be invertible considered as a function on all elliptic curves.
Serre thus threw out all of the elliptic curves whose reduction (mod p) was supersingular,
defining p-adic modular forms to be functions on the ordinary locus instead.

Definition 1.12. Let R be a p-adically complete ring. A p-adic modular form of weight k
and level 1 is a function f on isomorphism classes of pairs (E/R, ω) into R, where E is an
elliptic curve over R with either ordinary or bad reduction (mod p) and ω is a differential on
E, that satisfies

(i) f(E/R, µω) = µ−kf(E/R, ω) for all µ ∈ R×, and

(ii) f(T (q), ωcan) ∈ R[[q]].

7
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Remarks: (i) It seems a bit odd to consider curves with bad reduction in this definition,
but it’s actually essential to make things work. In [Sil94], it’s shown that a p-adic elliptic
curve can be written as a Tate curve if and only if it has non-integral j-invariant, which
then corresponds to having bad reduction. So for condition (ii) to make sense, we have
to include curves of bad reduction. That it’s enough to have a q-expansion only at
curves of bad reduction is a consequence of rigid analysis (a p-adic form of complex
analysis).

(ii) As in Remark 1.11, we want to say something about compatibilty for p-adically complete
R-algebras. Now, though, we have a bit of a logistical nightmare on our hands; consider
the R-algebra S = R/p. At curves E of bad reduction, ‘E/S’ is not an expression that
makes sense. To counter this, we must define generalised elliptic curves, which allow
conics as well as smooth curves, but this is not a simple technicality to work around!

(iii) To emphasise that this is a suitable space to think about, note that for R a p-adically
complete ring, the space of p-adic modular forms of level 1 contains the space of modular
forms of level Γ0(p). Recall that such functions were defined to be functions on triples
(E/R,α, ω), where α is a subgroup of E of order p. So given such a function f , we want
to define a corresponding p-adic modular form g by saying that for E with ordinary
reduction, g(E/R, ω) = f(E/R,α, ω) for some choice of α. But to do this we need a
canonical choice of α so everything is compatible. There’s no way of doing this for all
elliptic curves, but for curves with ordinary reduction, we’re ok; E[p] ∼= Z/p×Z/p over
some extension of R, and Ē[p] ∼= Z/p since Ē is ordinary, so we take α to be the kernel
of reduction. It is possible to mirror this for Γ0(pr) for any r. We call α the canonical
subgroup.

Having defined p-adic modular forms, we ask what properties we’d like them to have. Classical
forms have a beautiful spectral theory coming from the Hecke operators, with a spectrum of
eigenvalues that are algebraic integers, and a basis of eigenvectors. But we run into trouble
with the definition as given above. It turns out there are far too many p-adic modular forms,
and in fact they have a continuous spectrum. Katz rectified this by passing to overconvergent
modular forms. The bones of his idea was to define functions that extended onto elliptic
curves with supersingular reduction that aren’t too supersingular. To make this precise, let
A be any lift of the Hasse invariant Ā. Then

(i) The p-adic valuation of A(E,ω) is independent of the choice of lift, provided it is less
than 1, and

(ii) E has supersingular reduction if and only vp(A(E,ω)) > 0.

We say a curve is not too supersingular if vp(A(E,ω)) < p/(p + 1). For any positive r <
p/(p + 1), we call say a p-adic modular form f is overconvergent of degree r if it is further
defined on all elliptic curves with vp(A(E,ω)) < r. For r = 1/p2−m(p + 1), the space of
overconvergent modular forms of degree r still contains the classical forms of level Γ0(pm).
For forms of Γ0(p), this amounts to finding a canonical subgroup as above; the key idea in
defining this subgroup is to somehow take a point in the torsion of least valuation, using the
formal group of the elliptic curve. The spectral theory is now much nicer, and we do have an
approximate way to decompose overconvergent forms into (infinite) sums of eigenforms.

To justify the existence of overconvergent modular forms in one theorem, one that we will
then consider in the modular symbol case, here is a beautiful result conjectured by Gouva
and proved by Coleman. Recall that the slope of an eigenform was defined in Definition 1.7,
and that classical eigenforms of level Γ0(pN) have slope ≤ k − 1 (as proved in Proposition
1.8).

Theorem 1.13 (Coleman). Let f be an overconvergent Hecke eigenform of weight k and
slope < k − 1. Then f is a classical modular form.

8
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Proof. See [Cole96], Theorem 6.1.

Thus results about the space of overconvergent modular forms will often tell us about the
classical case. Now, in the classical case, modular symbols are a useful tool for obtaining
information about modular forms; the rest of this article will be dedicated to developing a
theory of overconvergent modular symbols analagous to that given above, and highlighting
one of the areas where they simplify matters considerably, namely in accessing values of the
L-function of a modular form. We’ll outline the proof of a similar result to Coleman’s above
- Stevens’ control theorem, that says that the space of overconvergent eigensymbols of small
slope is isomorphic to the space of classical eigensymbols of small slope.

2. Modular Symbols

Modular symbols are powerful theoretic and computational objects in the study of modular
forms. Before describing the theory, note that there are two methods of defining modular
symbols; there is a homological notion, described in [Ste07], Chapters 3 and 8, and dually a
cohomological notion, which will be covered here.

Recall that we had an identity relating special values of the L-function of a cusp form to
an integral, namely

2πi

∫ 0

i∞
zj−1f(z)dz =

(j − 1)!

(−2πi)j−1
L(f, j).

2.1. In weight 2

These integrals give us some motivation for the following. We work first in the weight 2 case,
since this is more straightforward than more general weights. Take f a cusp form of weight
2, level Γ, and set j = 1, noting that the relation above now gives us

L(f, 1) = 2πi

∫ 0

i∞
f(z)dz.

Now, the notation here is deliberately chosen to draw attention to the fact that the limits
in the integral are cusps. Indeed, we could say that evaluating the L-value is the same as
sending the pair of cusps {i∞, 0} to this integral. While this particular evaluation is specific
to this pair of cusps, to extract more from this observation it’s worth considering extending
this idea to any pair of cusps. We could take any such ordered pair, and consider the map
sending

φf : {r, s} 7→ 2πi

∫ s

r

f(z)dz.

To make this more agreeable to nice structure, we make a further observation; there is a map
from ordered pairs of cusps, i.e. ordered pairs in P1(Q), to degree zero divisors on P1(Q),
sending {r, s} to {s} − {r}. We can then consider φf as a map from Div0(P1(Q)) to C by
extending suitably linearly. Thus each cusp form f gives rise to

φf ∈ Hom(Div0(P1(Q)),C).

Now, f is modular of level Γ. We have an action of SL2(Z) (and hence Γ) on the left on
P1(Q) by fractional linear transformations, and hence on the left on Div0(P1(Q)) by

γ · ({s} − {r}) = {γs} − {γr},

extended linearly. This translates into a right action on the Hom space above defined by

(φ · γ)(D) = φ(γD).

9
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How does φf behave under the action of Γ? A simple calculation shows that for an element
γ =

(
a b
c d

)
∈ Γ, since f has weight 2 and d(γz) = (cz + d)−2dz, we have∫ γs

γr

f(γz)d(γz) =

∫ s

r

f(z)dz,

that is, φf is Γ-invariant. This motivates:

Definition 2.1. Let Γ be a congruence subgroup. The space of C-valued modular symbols of
level Γ is defined to be

SymbΓ(C) = HomΓ(Div0(P1(Q)),C),

the space of Γ-invariant maps from the degree zero divisor group into C.

We mentioned that to each cusp form of weight 2 we can attach the modular symbol φf . This
identification is injective, so that we have an embedding

S2(Γ) ↪−→ SymbΓ(C).

This embedding would only really be useful if we have a grip on the size of the right hand
side; it’s not much good if it turns out that the space of symbols has huge dimension, for
example. Fortunately, the space of symbols admits a really nice isomorphism to a direct sum
of spaces of modular forms.

Theorem 2.2 (Eichler-Shimura for weight 2). Suppose that, for γ =
(−1 0

0 1

)
,Γ satisfies

γΓγ−1 = Γ. (We say that γ normalises Γ; this is true for Γ0(N), for example). Then there
is an isomorphism

S2(Γ)⊕M2(Γ) ∼= SymbΓ(C).

The left hand side is defined using very analytic methods - holomorphic functions on H∗ -
but the right hand side is defined purely algebraically. We can think of modular symbols
as ‘throwing away information’ about modular forms, and working only with more algebraic
aspects, which simplifies computations significantly (for example, one use of modular symbols
is the fast computation of bases of spaces of cusp forms). As an example that the reader has
probably seen before, it is morally similar to the role the fundamental group plays in topology;
by passing to the fundamental group of a topological space, we ‘forget’ all of the topological
structure, and just have an algebraic object. It’s now usually much more straightforward
to show that two topological spaces are not homeomorphic by showing their fundamental
groups are non-isomorphic than to prove explicitly there’s no homeomorphism between them.
Something that is immediately made easier by modular symbols is study of the L-function,
something that we’ve already seen:

Proposition 2.3. Let f be a cusp form of weight 2 and level Γ. Then we have

L(f, 1) = φf ({0} − {∞}).

2.2. An Explicit Computation

We claimed above that modular symbols are easier to compute with than modular forms.
To flesh out this claim, we’ll show some basic computational properties. If we want to write
down the space of modular symbols of weight 2 and level Γ, for example, how would we go
about doing it? A good first step is to find suitable orbit representatives of the action of Γ on
Div0(P1(Q)), since then the value of any Γ−invariant map is determined entirely by its values
on these representatives (note that such representatives can also be thought of generators of
Div0(P1(Q)) as a Z[Γ]−module). Define, for each γ ∈ SL2(Z), a degree zero divisor

[γ] =

{
a

c

}
−
{
b

d

}
, γ =

(
a b
c d

)
.

10
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Then any degree zero divisor can be written as a finite sum of [γ]’s; this is just continued
fractions! For example, the continued fraction expansion of 13/7 is [1; 1, 6], with convergents
1, 2 and 13/7. Thus{

13

7

}
−
{

0

1

}
=

[{
13

7

}
−
{
−2

−1

}]
+

[{
2

1

}
−
{

1

1

}]
+

[{
1

1

}
−
{

0

1

}]
.

This works much more generally; for a short proof, see [Cre97], Section 2.1.6.

Certainly then the set {[γ] : γ ∈ SL2(Z)} contains a set of orbit representatives for the
action of Γ. We claim that in fact, we need only take a set of coset representatives for Γ
inside SL2(Z). This follows from the following simple equation:

[γα] = γ · [α], for γ, α ∈ SL2(Z).

Focusing on the explicit case of Γ0(2), we have coset representatives ( 1 0
0 1 ) ,

(
0 1
−1 1

)
and

(
1 −1
1 0

)
,

which give three orbit representatives. Thus any modular symbol is entirely determined by its
values on the corresponding degree zero divisors, which are D1 = {∞}−{0}, D2 = {0}− {1}
and D3 = {1} − {∞}. What relations are there between them? Firstly, their sum is zero, so
they can’t be linearly independent as generators of Div0(P1(Q)) as a Z[Γ]−module. Then we
also have the relation

D3 = {1} − {∞} = −γ · ({∞} − {0}) = −γD1, γ =

(
1 1
0 1

)
∈ Γ,

so in fact if φ is a modular symbol,

φ(D3) = −φ(γD1) = −φ(D1)

by Γ invariance, that is, φ’s value on D1 is determined by its value on D3. Then since our
generators sum to zero, we get

φ(D2) = −φ(D1)− φ(D3) = φ(D3)− φ(D3) = 0.

So our modular symbol is entirely determined by its value on D1! Thus the space of modular
symbols of level Γ0(2) and weight 2 is precisely 1-dimensional. (Note here that S2(Γ0(2)) is
empty).

Though the calculations here were all straightforward, we were secretly using an algorithm
to do this. All of the information we desire is contained in a suitable fundamental domain for
Γ0(2); namely, the one with vertices at 0, 1 and ∞. The generators we find are made from
these vertices, and the relation we found was related to the fact that the geodesics connecting
1 to ∞ and ∞ to 0 are equivalent under the action of γ, whilst the fact that any modular
symbol vanishes on D2 comes from the fact that the geodesic between 1 and 0 is mapped to
itself (in an orientation-reversing way) by some element of Γ0(2). So to do this in general, we
should find suitably nice fundamental domains, and see how their edges are related under Γ.
This is an algorithm that uses Farey Symbols; see [KL07] for further details.

2.3. Higher Weights

To generalise to higher weights, we again look to the equation we had above combining L-
values and integrals. The step in the above that is specific to weight 2 is that f(z)dz is
Γ−invariant. At more general weight, we instead have

f(γz)d(γz) = (cz + d)k−2f(z)dz. (2)

If we were to continue working with maps into C, we’d need to introduce a new factor to
cancel this unwanted factor of automorphy. In the integral from section 1, for integer j > 1,
we also ended up with a polynomial term in the integrand; this hints at the step to take next.

11
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Sketch Motivation: Let P be a polynomial of degree ≤ k − 2, and γ =
(
a b
c d

)
∈ Γ. Note

that Γ acts on such polynomials by the rule

(P |γ)(x) ..= (cx+ d)k−2P (γx)

(where γ acts on x by fractional linear transformations). This would exactly cancel the
annoying factor we had before. So with this in mind, here’s an idea: why don’t we choose
our maps to land in some polynomial space, and define an action of Γ on the right of this
that makes things compatible?

To start doing this a bit more rigorously, since the ‘space of polynomials of degree less than
k − 2’ is a bit vague, let’s be a bit more concrete and say we’ll work in the space Vk−2(C) of
homogeneous polynomials of two variables X,Y of degree k − 2 over C. Now let’s associate
to a cusp form f of weight k a map

φf : {s} − {r} 7−→ 2πi

∫ s

r

(zX + Y )k−2f(z)dz.

Ultimately, we want an action of Γ on this space such that for the map φf we have Γ−invariance
in the sense that

φf (D) = φf (γD)|γ,

or, more usefully,

φf (D)|γ−1 = φf (γD). (3)

Let’s unpick this. Firstly, note that

(γ(z)X + Y )k−2 = ((az + b)X + (cz + d)Y )k−2(cz + d)−(k−2). (4)

Then, on the right hand side of (3), we have

φf (γ({s} − {r})) = 2πi

∫ γs

γr

(zX + Y )k−2f(z)dz

= 2πi

∫ s

r

(γ(z)X + Y )k−2f(γz)d(γz)

= 2πi

∫ s

r

((az + b)X + (cz + d)Y )k−2f(z)dz (by (2) and (4))

=.. φf ({s} − {r})|γ−1.

So we know how γ−1 should act, namely it should send X to (aX+cY ), and Y to (bX+dY ).
Now, this tells us how γ itself should act, and the right-action of Γ on Vk−2 that we’ve
obtained is formally defined below.

Definition 2.4. Let Vk−2(R) be the space of homogeneous polynomials of degree k − 2 in
two variables X,Y over a ring R. Vk−2(C) has a right-action of Γ by defining

(P |γ)(X,Y ) = P

((
X,Y

)(a b
c d

)−1
)

= P (dX − cY,−bX + aY ).

Define the space of weight k modular symbols of level Γ to be the space

SymbΓ(Vk−2(C)) = HomΓ(Div0(P1(Q)), Vk−2(C))

of Γ−invariant maps, where here ‘φ is Γ−invariant’ means that, for each γ ∈ Γ,

φ(D) = φ(γD)|γ.

12



Overconvergent Modular Symbols and p-adic L-functions Chris Williams

Remark: The action on the Hom space here is fairly horrendous, but we make this identifi-
cation so we have a convenient way of passing to more general modular symbols, namely by
changing the ‘module of values’; here it is Vk−2(C). Note also that as V0(C) = C, with trivial
Γ-action, we recover the definition from the weight 2 case. Note that a simple check also
shows that the action is precisely the one that makes the association of f to φf Γ-equivariant,
that is, φf |γ = φf |kγ .

As before, we have an embedding of Sk(Γ) into SymbΓ(Vk−2(C)), and in fact Eicher-Shimura
holds more generally:

Theorem 2.5 (Eichler-Shimura). Suppose that
(−1 0

0 1

)
normalises Γ. Then there is an iso-

morphism
Sk(Γ)⊕Mk(Γ) ∼= SymbΓ(Vk−2(C)).

Proof. See [Shi71], together with footnote 5 of [PS12].

Remark: There is a version of Eichler-Shimura that does not require the normalisation prop-
erty on Γ. Note that any map on arbitrary divisors of P1(Q) gives a map on degree 0 divisors
by restriction. Then if we define the subspace of SymbΓ(Vk−2(C)) of all maps obtained in this
way by SymbΓ(Vk−2(C))Eis, and define the cuspidal modular symbols of weight k and level Γ
to be

SymbΓ(Vk−2(C))cusp
..=

SymbΓ(Vk−2(C))

SymbΓ(Vk−2(C))Eis
,

then there is an isomorphism

Sk(Γ)⊕ Sk(Γ) ∼= SymbΓ(Vk−2(C))cusp.

As alluded to during our motivation of the definition of modular symbols of higher weight,
evaluating a symbol at a specific divisor gives special values of the L-function. The following
result is obtained from things we’ve already seen and the proof, from there, is purely formal
algebra.

Proposition 2.6. Let f be a cusp form of weight k and level Γ. Then if we define cj for
0 ≤ j ≤ k − 2 to be such that

φf ({0} − {∞}) =

k−2∑
j=0

cjX
jY k−2−j ,

then we have

L(f, j + 1) =

(
k − 2
j

)−1
cj(−2πi)j

j!
.

2.4. Modular Symbols in General

We’ve done much of the work towards considering modular symbols in much greater generality.
The notation SymbΓ(Vk−2) is deliberately suggestive; in fact, for any space V with a suitable
right-action of Γ, we can consider the space

SymbΓ(V ) = HomΓ(Div0(P1(Q)), V ),

with Γ−invariance being the obvious generalisation from above, namely that φ(D) = φ(γD)|γ.
We call this the space of V -valued modular symbols, and say V is the module of values of
SymbΓ(V ).

13
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2.5. Hecke Operators

The Eichler-Shimura isomorphism in Theorem 2.5 is also Hecke-equivariant, which is what
makes it so important. But before this statement makes sense, we need to define Hecke
operators on modular symbols! Everything goes through pretty much as we’d expect, so we
go straight into full generality. To have a Hecke-action, we need our modules of values to
have an action of a larger group than just Γ. In fact, we’ll consider the action of a semigroup.

Definition 2.7. For p prime, define

S0(p) =

{(
a b
c d

)
∈M2(Z) : p|c, p - a, ad− bc 6= 0

}
.

Note that S0(p) contains the elements
(

1 a
0 p

)
, for a = 0, . . . , p− 1, and

(
p 0
0 1

)
.

Definition 2.8. Fix a prime p. Let V be a right Z[Γ0(pN)]-module, that is, a space with
a right-action of Γ0(pN). Suppose also that V admits a right-action of S0(p). Let φ ∈
SymbΓ0(pN)(V ). Then:

(i) If ` - N , define an operator

φ|T` = φ

∣∣∣∣(` 0
0 1

)
+

`−1∑
a=0

φ

∣∣∣∣(1 a
0 `

)
.

(i) If q|N , define an operator

φ|Uq =

q−1∑
a=0

φ

∣∣∣∣(1 a
0 q

)
.

Note that the the action defined in Definition 2.4 extends immediately and without change
to the case of any matrix with non-zero determinant, so S0(p) acts on the right of Vk−2, Thus
we have a notion of the ‘slope’ of a modular eigensymbol at p (see Definition 1.7).

3. p-adic Distributions

So what kind of module of values are we looking for? We need a space with a right-action
of Γ that will somehow help us interpolate all of the classical weight modular symbols. In
the classical case, the module of values varied depending on the weight, but to have a hope
of satsifying the interpolation property we desire, our new module of values must in some
sense stay ‘the same’ as we vary. In the spirit of Coleman’s idea of passing to a much larger,
infinite dimensional space, let’s look for a single space of infinite dimension, and incorporate
the changing weights by changing the action on the space rather than the space itself.

Define, for each integer k and ring R, a polynomial space

Uk(R) = {f(X,Y ) ∈ R[X,Y ] : f homogeneous of weight k},

(note that although Uk is the defined in the same way to Vk, we denote it differently as it
represents a different space). Now, we have an isomorphism Uk ∼= HomR(Vk, R), and under
this isomorphism the right action we defined on Vk transfers to give a left action of S0(p) on
Uk. Thus the action of dualising turns a right action into a left action (and vice versa).

We exploit this duality by first defining instead a space that has a suitable p-adic analogue of
S0(p) acting on the left, then taking the dual. The most natural way to consider an infinite
dimensional analogue of this is to take some sort of ‘completion’ of the union of all of these
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polynomial spaces. Since homogeneous polynomials of degree k in two variables correspond
to polynomials in one variable of degree ≤ k, considering a power series ring in one variable
- with suitable conditions on the coefficients - is somehow the ‘right’ thing to do.

Definition 3.1. Define the space A to be the ring of analytic functions on the rigid closed
unit disc in Cp that are defined over Qp, or more concretely,

A =

∑
n≥0

anX
n ∈ Qp[[X]] : an → 0 as n→∞

 .

This is an example of a Qp-Banach Space. There is a natural sup norm (that satisfies the
ultrametric law) given by

||f(X)|| = sup
x∈D
|f(x)|,

where D = {x ∈ Cp : |x| ≤ 1}. The space is complete with respect to this norm.

Define a group

Σ0(p) =

{(
a b
c d

)
∈M2(Zp) : p - a, p|c, ad− bc 6= 0

}
.

Note that, as before, having an action of this group allows us to define an action of the Hecke
operators. We define a left weight k action of Σ0(p) on A by

γ ·k f(X) = (cX + a)kf

(
dX + b

cX + a

)
, γ =

(
a b
c d

)
,

and denote by Ak the space A considered with this action. From the definition above, it’s
not obvious at all that γ ·k f is even a power series for γ ∈ Σ0(p) and f ∈ A. That it is is a
consequence of the way we choose Σ0(p); as c has positive p-adic valuation, the denominators
we get have convergent power series expansions. To check that this does indeed give an action
from here is a simple but tedious exercise. By dualising, we thus get a space with a weight k
right action of Σ0(p).

Definition 3.2. We denote the dual space of Ak by

Dk = HomQp(Ak,Qp),

with a right weight k action of Σ0(p) given by (µ|kγ)(f) = µ(γ ·k f). When we consider
the dual space without the weight k action, we denote it D, and call it a space of p-adic
distributions.

Since the polynomial functions are dense in Ak, it follows that any distribution µ ∈ Dk is
entirely determined by its values on the monomials Xj for j ∈ N. We say that the values
µ(Xj) are the moments of µ. A simple check shows that if we define a function µ′ on Ak by
setting µ′(Xj) = aj , then µ′ defines an element of Dk if and only if the aj are bounded. Thus
we can identify Dk with the space of bounded sequences in Qp (though the action we obtain
is very messy in this space, so we prefer to continue using the dual intepretation).

Definition 3.3. For a congruence subgroup Γ with Γ ⊂ Γ0(p), the space of overconvergent
modular symbols of weight k is the space SymbΓ(Dk−2).

Remarks: (i) We need the condition on Γ, or the action of Γ on Dk−2 doesn’t make sense!
(See the discussion following Definition 3.1).
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(ii) There is a simplification going on here in the interests of clarity. In subsequent sections,
we will claim that the p-adic L-function of a modular form (as in section 1) can be
obtained by evaluating a corresponding overconvergent modular symbol at the degree
zero divisor {0} − {∞}, which then gives a function on rigid analytic functions on the
unit disc D (that in turn correspond to power series of the form above). However, a
p-adic L-function should be a function on characters, which cannot be written in this
form. To get around this, we should instead be taking the space A of locally analytic
functions on D, and the corresponding dual D. However, nothing is lost in the exposition
by this simplification.

4. Overconvergent Modular Symbols

Remark: Throughout this section we’ll fix k to be the weight of a modular form, as in the
previous sections. This makes for a lot of k− 2’s appearing in the work - when we’d perhaps
prefer to work with just k - but it does at least mean we’re consistent and hopefully avoid
confusion.

In Section 1.3, we gave Coleman’s theorem that overconvergent Hecke eigenforms of small
slope correspond to classical eigenforms; this is the property we most desire to carry over to
the modular symbol case. There is a key difference in the results, however. Instead of saying
every small slope eigensymbol is classical, we’ll exhibit a specialisation map

ρk−2 : SymbΓ(Dk−2)→ SymbΓ(Vk−2(Qp)), (5)

and then show that this is an isomorphism on symbols of sufficiently small slope. To find
such a map, it suffices to find a map λk−2 : Dk−2 → Vk−2(Qp), since then we can compose
with φ ∈ SymbΓ(Dk−2) to get

ρk−2(φ) : Div0(P1(Q))
φ

−−−→Dk−2

λk−2

−−−−→Vk−2(Qp).

Such a map is given by

λk−2(µ) =

∫
(Y − zX)k−2dµ(z) =

k−2∑
i=0

(−1)i
(
k − 2
i

)
µ(zi)XiY k−2−i.

A simple check shows that this map is equivariant under the action of Σ0(p), and thus, im-
portantly, it is Hecke-equivariant.

Recall that in Proposition 1.8 we showed that every classical eigenform of level Γ0(pN) has
slope ≤ k − 1. This translates via Eichler-Shimura into saying that the maximal slope of a
classical eigensymbol of level Γ0(pN) is also k − 1, so as the specialisation map (5) is Hecke-
equivariant, any element of SymbΓ0(pN)(Dk−2) with slope > k − 1 will lie in the kernel of
specialisation. Stevens’ control theorem says that outside of the critical slope case (where
the slope is precisely k − 1), this is precisely what the kernel should look like. Denote by
SymbΓ0(pN)(Dk−2)<k−1 (resp. SymbΓ0(pN)(Vk−2)<k−1) the spaces of overconvergent (resp.
classical) eigensymbols of slope < k − 1.

Theorem 4.1 (Stevens’ Control Theorem). The specialisation map

ρk−2 : SymbΓ0(pN)(Dk−2)<k−1 ∼−−−→ SymbΓ0(pN)(Vk−2)<k−1

is an isomorphism.

Remark: We say nothing about the critical slope case. However, it should be noted that
there are both overconvergent eigensymbols of slope k−1 that specialise to 0 and others that
specialise to classical symbols, so we cannot extend the theorem further.
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Proof. (Theorem 4.1; sketch). We skip the proof of injectivity, which is straightforward but
requires a technical lemma, and concentrate on the important steps in the proof of surjectiv-
ity; the full proof is contained in Greenberg’s paper, [Gre07].

Firstly, we let Dk−2(Zp) be the set of distributions with integral moments, that is, the set of
µ ∈ Dk−2 for which µ(Xj) ∈ Zp for all j. There is an isomorphism

Dk−2
∼= Dk−2(Zp)⊗Zp Qp

which in turn induces an isomorphism

SymbΓ0(pN)(Dk−2) ∼= SymbΓ0(pN)(Dk−2(Zp))⊗Zp Qp.

Thus it suffices to prove the result in the integral case, as we can exploit this isomorphism to
get the result for non-integral distributions.

Greenberg’s main idea to prove surjectivity was to formulate a series of ‘approximation mod-
ules’, e.g. a collection of Σ0(p)−stable modules together with maps from Dk−2 that approxi-
mate distributions accurately (in the sense that knowing the image of a distribution in every
approximation module allows you to reconstruct the original distribution). He constructs
an inverse system (ANDk−2(Zp))N of such modules, of which the first is simply Vk−2(Qp)
together with λk−2, with the inverse limit being Dk−2, and then uses an isomorphism

SymbΓ0(pN)(Dk−2(Zp)) ∼= lim
←−

SymbΓ0(pN)(A
NDk−2(Zp)). (6)

To construct this series of finite approximation modules, we do the following. Define

(i) F 0Dk−2(Zp) = {µ ∈ Dk−2(Zp) : µ(X0) = µ(X1) = · · · = µ(Xk−2) = 0},

(ii) FMDk−2(Zp) = {µ ∈ F 0Dk−2(Zp) : µ(X(k−2)+j) ∈ pM−j+1Zp}, ∀j ≥ 0.

Fact: The FMDk−2(Zp) are stable under the action of Σ0(p).

Thus we can define a series of Σ0(p)-modules

A0Dk−2(Zp) ..=
Dk−2(Zp)
F 0Dk−2(Zp)

∼= Vk−2(Zp),

and more generally

AMDk−2(Zp) ..=
Dk−2(Zp)

FMDk−2(Zp)
∼= Vk−2(Zp)× Z/pM × · · · × Z/p.

Furthermore, there are projection maps λMk−2 : Dk−2(Zp) −→ AMDk−2(Zp), and if for M1 >
M2 we do this in stages, we obtain projection maps

Dk−2(Zp)
λ
M1
k−2

−−−−→AM1Dk−2(Zp)
λ
M1,M2
k−2

−−−−→AM2Dk−2(Zp).

So we get an inverse system, with all the maps Σ0(p) (and hence Hecke) equivariant, with
the map λk−2 from above equal to λ0

k−2. As we hoped, it is now not hard to see that

Dk−2(Zp) ∼= lim
←−

AMDk−2(Zp).

Finally, all of these modules and maps combine to define an inverse system

SymbΓ0(pN)(Dk−2(Zp))
ρM1

k−2- SymbΓ0(pN)(A
M1Dk−2(Zp))

ρM2

k−2 -
SymbΓ0(pN)(A

M2Dk−2(Zp))

ρM1,M2

k−2?
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where all of the maps are Σ0(p) (and hence Hecke) equivariant, and the specialisation map
ρk−2 is nothing but ρ0

k−2. The inverse limit gives what we’d like it to, stated in equation (6)
above. Armed with this system, we can get on with constructing a lift. Let φ be a classical
eigensymbol of slope < k − 1. Then φ defines an element of SymbΓ0(pN)(A

0Dk−2(Zp)). To

construct a lift of this to SymbΓ0(pN)(A
1Dk−2(Zp)), we use a rather remarkable result: first

consider φ simply as a set theoretic map from degree 0 divisors into A0, and lift it (via ρ1,0)
to any map ϕ from degree 0 divisors into A1. This amounts to making some choice of value
of µ(X(k−2)+1) mod p. The result in general certainly isn’t a homomorphism any more, let
alone a Γ0(pN)−invariant map.

Div0(P1(Q))
ϕ- A1Dk−2(Zp)

φ -
A0Dk−2(Zp)

ρ1,0

?

We still have an action of Σ0(p) on set-theoretic maps, however. So, in particular, we can act
on ϕ by Up. It turns out that doing precisely this, by setting Φ1 = ϕ|Up, we have:

Fact: Φ1 is a homomorphism, and is also Γ0(pN)−invariant. In particular, it is an element
of SymbΓ0(pN)(A

1Dk−2(Zp)), and we have the lift we desire.

This is despite the fact we took any possible lift! To see why this works, we’ll just give an
example (given in [Pol11]) to show that it’s a homomorphism. Consider

Φ1(D) + Φ2(E)− Φ1(D + E) =

p−1∑
a=0

(
φ(γaD) + φ(γaE)− φ(γa(D + E))

)∣∣∣∣∣
k

γa

where γa =
(

1 a
0 p

)
. For any element µ of AMDk−2(Zp), we can lift to some element µ of

Dk−2(Zp), and define the moments of µ to be the moments of µ (mod FNDk−2(Zp)) in the
appropriate sense, i.e. the ((k-2)+1)th moment is taken (mod pM−j+1). Note that this is
independent of lift. Now, the moments[

φ(γaD) + φ(γaE)− φ(γa(D + E))

]
(Xj)

vanish for j = 0, . . . , k − 2, since φ is itself additive (and γa doesn’t change this). If we can
prove that it vanishes on X(k−2)+1 as well, then we’ll be done. But for any element µ of
A1Dk−2(Zp), lift to an element µ of Dk−2(Zp), and consider

(µ|γa)(Xk−1) = µ(γa ·Xk−1) = µ((a+ pX)k−1)

= µ(ak−1) + · · ·+ (k − 1)pk−2aµ(Xk−2) + pk−1µ(Xk−1).

But the first k − 2 moments vanish by definition, and pk−1 times the (k − 1)st is trivially
divisible by p. So when we project back down to A1Dk−2(Zp), we see the (k − 1)st mo-
ment is killed, and hence the sum above defines the zero element in A1Dk−2(Zp), since each
of its first k−1 moments are zero, and the remaining moments are zero by the definition of A1.

The case of Γ0(pN)−invariance is similar and covered in [Gre07].

We lift Φ1 to Φ2 ∈ SymbΓ0(pN)(A
2Dk−2(Zp)) similarly, by picking any lift and then ap-

plying Up. And this keeps working, so we build a sequence Φ1,Φ2,Φ3, . . . , each compatible
with the maps of the inverse system (as these maps are Hecke-equivariant). So we can patch
these together get an element

Φ ∈ SymbΓ0(pN)(Dk−2(Zp)),
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which by construction, satisfies
ρk−2(Φ) = φ,

as required.

The control theorem now gives as a corollary the important result we set out to obtain.

Theorem 4.2. Let f be an eigenform of weight k and level Γ0(pN) and non-critical slope at
p (i.e. slope < k − 1). Let Φf be the unique overconvergent lift of the corresponding classical
modular symbol φf . Then the restriction of the distribution

Lp(f) = Φf ({0} − {∞})

to Z×p is the p-adic L-function of f .

Proof. See [Pol11], Section 5.

Remark: If we start with a form of level Γ, for general Γ, we can still do this. First, however,
we must choose a p-stabilisation (as in Section 1.3) fα of our cusp form, and then take the
modular symbol corresponding to fα.

5. The Bianchi Case

In this section, we largely leave the bounds of what is known, and venture into speculation.
We’ll consider a case that will form the basis of the research I am currently undertaking for my
PhD, namely that of Bianchi modular forms, modular forms defined for arithmetic Bianchi
groups (finite index subgroups of SL2(O), where O is the ring of integers in an imaginary
quadratic field). Such modular forms can be considered as vector-valued functions on the
upper half-space H3 = C × R>0, harmonic differentials on a suitable hyperbolic 3-manifold
XΓ = Γ\H3, or as cohomology classes of XΓ with coefficients in Vk(C)⊗V`(C). An exposition
of the theory is contained in [Şen].

In the classical case, we have a useful result (that is very similar to the statement of Eichler-
Shimura for general congruence subgroups) between the cuspidal cohomology and the space
of cusp forms, namely

H1
cusp(Γ, Vk−2(C)) ∼= Sk(Γ)⊕ Sk(Γ).

This motivates the following definition:

Definition 5.1. Let K be an imaginary quadratic field, with ring of integers O. A cuspidal
Bianchi modular form of weights k, ` is a cohomology class in

H1
cusp(SL2(O), Vk−2(C)⊗ V`−2(C)).

Usefully, in the case where k 6= `, this space vanishes. Thus we only have to deal with the
parallel weight case (though, confusingly, there’s no reason why things should vanish in a
p-adic setting).

We’d like to define some kind of overconvergent Bianchi modular symbols. For this, we
need to change things around slightly; for starters, the cusps are no longer represented by
P1(Q), but by P1(K). This in itself introduces new problems, since the action of SL2(O) is
now only transitive if the class number of K is 1 (in general, the class number is equal to the
number of orbits of this action). The nature of the coefficient module seen in the definition of
Bianchi modular forms lends itself to suggest that instead of using a space of p-adic distribu-
tions in one variable as the module of values, we should be considering using two variables;
that is, using a space of the form Dk,` ..= (Ak⊗̂A`)∗, where ⊗̂ represents the completed tensor
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product (see [Colm10]) and ∗ the topological dual. There is a suitable action of Σ0(p) on this
space of distributions, depending on the behaviour of p in F , which then gives an action of
suitable Bianchi congruence subgroups (more precisely, this is an action of Σ0(p)× Σ0(p) in
the case p split). Σ0(p) also acts on Vk−2(Qp)⊗ Vk−2(Qp) in a compatible way.

Definition 5.2. Let Γ by a congruence subgroup contained in Γ0((p)) ⊂ SL2(O). The space
of overconvergent Bianchi modular symbols of parallel weight k and level Γ is the space

SymbΓ(Dk−2,k−2) = HomΓ(Div0(P1(K)),Dk−2,k−2).

To make this computationally effective, since fast computation of the p-adic L-function should
be one of the main consequences of the work, we will need to develop an analogue of the Farey
symbols seen in the rational case (i.e. we must construct suitable fundamental domains for
Bianchi groups in the upper half-space), giving us generators and relations for the degree zero
divisors over the cusps as a Z[Γ]−module. The outlines of such a theory are given in [Cre84].

There is a suitable Hecke action on this space (indexed by primes of O); in particular, one can
define the Up operator. There is already a well-studied theory of classical Bianchi modular
symbols corresponding to Bianchi modular forms. We’d like to prove similar results to those
in the rational case; to start, note that there is a specialisation map obtained from dualising
the inclusion Vk−2(Qp)⊗ Vk−2(Qp) ↪→ Ak−2⊗̂Ak−2. Having begun working on this problem,
I believe I have generalised Greenberg’s proof to give the following result:

Theorem 5.3. Suppose p = pp is a rational prime that splits in K, with p = (β) principal.
Let Γ ≤ SL2(O) be a congruence subgroup contained in Γ0((p)). Then the specialisation map
restricts to an isomorphism

SymbΓ(Dk−2,k−2)<k−1 ∼−−−→ SymbΓ(Vk−2(Qp)⊗ Vk−2(Qp))<k−1,

where SymbΓ(Dk−2,k−2)<k−1 (resp. SymbΓ(Vk−2(Qp)⊗Vk−2(Qp))<k−1) denotes the space of
overconvergent (resp. classical) Bianchi Up-eigensymbols of parallel weight k, level Γ and slope
< k − 1.

We’d like to extend this to give results of type:

“Theorem” (?) 5.4. Let p be any rational prime. Under suitable conditions on the slope,
the specialisation map is an isomorphism on eigensymbols.

“Theorem” (?) 5.5. Let p be a rational prime, and Γ ⊂ Γ0((p)) a congruence subgroup of
SL2(O). Let f be a cuspidal Bianchi modular form of level Γ, with suitable slope at all primes
of K above p and corresponding classical modular symbol φf . Then if Φf is the lift of φf
under the specialisation map, then Φf ({0} − {∞}) is the p-adic L-function of f .
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