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Chris Williams

Part III Essay

Abstract

In the classical theory of elliptic curves over C, we prove that every complex elliptic
curve is the quotient of the plane by a lattice. In this essay, a corresponding theory
over p-adic fields - due to Tate - is discussed, using the theory of p-adic analysis to show
that every p-adic elliptic curve with non-integral j-invariant can be uniformised as a
quotient of K™ by a multiplicative subgroup. We then look at beginning to generalise
this result to higher genera using automorphic forms, proving that for a Schottky
group I, there is a space 2 C IP}CP on which I' acts discontinuously, giving rise to a
smooth, irreducible algebraic curve /.
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Introduction

In the classical theory of elliptic curves over C, it is proved that every complex elliptic curve
is the quotient of the plane by a lattice. Such a property is incredibly useful; for example, it
allows us to describe the torsion of the curve, and it forms a basis for the study of complex
multiplication. In this essay, we give an analogue for p-adic fields due to John Tate, and
discuss David Mumford’s generalisation to higher genera.

Part I is largely preliminary. In Chapter 1, relevant definitions and results on elliptic
curves are stated, before some results about more general curves and their function fields
- including a correspondence between points on the curve and places of its function field -
are given. The crucial result for the remaining work is Theorem 1.18, which says that for
an algebraically closed field K and a function field L of one variable and genus g over K,
there is a smooth, irreducible curve V with L = K (V).

Chapter 2 focuses on the complex case, considering an alternative approach using the ex-
ponential function. We also obtain formulae that are used in Part II to calculate invariants
of a uniformised curve, and thus find necessary and sufficient conditions for uniformisation.

In Part II, we prove Tate’s uniformisation theorem for elliptic curves: namely, that for
any elliptic curve E over a p-adic field K with split multiplicative reduction and non-
integral j-invariant, 3¢ € K* such that E = K*/¢”. Thus for any elliptic curve E/K there
is (at worst) a quadratic extension L/K with E = K*/q” over L.

In Chapter 3, the theory of p-adic analysis is developed. We quote Schnirelmann’s structure
theorem, that says any meromorphic function on K* can be described (up to a multiplica-
tive constant) entirely in terms of its zeros and poles. We then prove that the field of
g-periodic meromorphic functions is a function field of one variable and genus 1, and thus
prove that K*/q% is an elliptic curve. In Chapter 4, this curve is shown to satisfy the
equation E, : Y? + XY = X3 4+ BX + C, with non-integral j-invariant and trivial Hasse
invariant. We then collate these results in Chapter 5 to prove the uniformisation theorem.

The generalisation of this work to higher genera was described by Tate himself as ‘far
from obvious’, and it indeed it required a very different approach by Mumford to give an
answer to the problem. His work used the language of schemes and rigid analysis to prove
that for any curve with split degenerate reduction, there is a Schottky group I' (a finitely
generated discontinuous subgroup of PG Ly (K) with no elements of finite order) and a space
QC Ptlcp on which I" acts discontinuously, with Q/I" an algebraic curve. It turns out we can

take 2 = P(lcp \L, where L is the set of limit points of T

In Part III, a partial account of Mumford’s work is given in a more down-to-earth set-
ting - in which we can draw parallels with the work done in Part II. We will show that,
for  and T as above, that /T is an algebraic curve of genus g (where g is the number of
generators of I', which is necessarily free; see Chapter 7). To do so, we consider C,(Q2/T),
the field of I'-invariant meromorphic functions on 2, and show that it is a function field of
one variable and genus g over C,,, giving the result.

Chapter 6 defines the tree of a compact subset of P},. We associate to such a set a lo-
cally finite tree 7(X) and show that there is a bijection between halflines in 7(X) and
limit points of X. Chapter 7 then introduces Schottky groups. We prove that, for suitable
X, I acts on the tree 7(X) and that 7(X)/I is finite with universal cover 7 (X) and
group of covering translations I'. Thus any such group is free on g generators, say. We then
construct a good fundamental domain F' for I' by cutting 2¢ disjoint discs out of the pro-
jective line, demanding that they satisfy suitable properties in relation to the generators.

ii
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Importantly, this gives us a workable notion of 2 as the union

U@,

yel’

and shows that I" acts discontinuously on (.

Chapter 8 then focuses on holomorphic/meromorphic functions on €2, before constructing
automorphic forms

O(a,b;z) = H z=1la)

e 2= (b)

for T, where a,b € Q. A structure theorem for such automorphic forms is proved, that
says any automorphic form for I" is (up to a multiplicative constant) a finite product of the
0(a,b; z).

We then conclude in Chapter 9 that the field of I'-invariant meromorphic functions is a
function field of one variable and genus ¢ (the number of generators of I'). To do so,
we construct a single non constant [-invariant meromorphic function h and show that
C,(Q2/T) is an algebraic extension of C,(h). The result on the genus is stated via a version
of the Riemann-Roch theorem. Thus /T is a smooth irreducible algebraic curve of genus g.

As mentioned before, whilst we are able to give a complete account of the uniformisa-
tion theorem in the genus 1 case, we can merely scratch the surface of the generalisation to
higher genera. Mumford’s results were part of a body of work that were to earn him the
Fields Medal in 1974.
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PART I: MOTIVATION AND PREREQUISITES

1. Preliminaries on Curves

1.1. Elliptic Curves

In this brief introductory section, we discuss the theory of elliptic curves and state some of
the fundamental properties that we will later use throughout Part II.

Definition 1.1. An elliptic curve E/K is a smooth projective curve of genus 1 over a field
K, together with a K-rational point O.

Theorem 1.2. (i) Let (E,0) be an elliptic curve. Then there exist constants ai,as,
as,aq and ag € K and an isomorphism

¢p:E—E(K)={[X:Y:Z€P% :F(X,Y,Z)=0} CP%
with ¢(O) =[0:1:0], and where
F(X,Y,2)=Y*Z4+a XY Z +a3Y Z* — (X® + o X*Z + ay X Z*% + a6 Z?).
We say that a curve of this form is in Weierstrass form.

(i) Conversely, any equation in the form F above gives rise to an elliptic curve over K,
with K -rational point [0:1: Q).

Proof. This is a consequence of Riemann-Roch. For further details, see [6], I11.3. O

It is convenient to pass to an affine piece via the change of variables v = X/Z, y =Y/Z. In
the case where the characteristic of K is not 2 or 3, via simple substitutions (i.e. completing
the square and cube), we obtain:

Corollary 1.3. Let E/K be an elliptic curve over a field K of characteristic not equal to 2
or 8. Then the set of K-rational points can be described as

E(K) = {(z.y) € K*: f(z,y) =0} U O,
where f(x,y) =y?> + 2y — 23 — Br — C and B,C € K.
Remark 1.4: We could also remove the zy term as well; however, in future chapters we

will work with curves defined by equations including such a term, so it is convenient to
develop the theory whilst incorporating it.

It is natural to ask the question of when two Weierstrass cubics, as above, give rise to
isomorphic elliptic curves. It turns out we can characterise different Weierstrass forms of a
given curve E by a simple change of variables.

Proposition 1.5. Any two Weierstrass equations for E can be related by a linear change
of variables
' =wlr+ry =udy+ulse+t,

where u € K* and r,s,t € K.

Proof. See [6], T11.3.1. O
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From now on, we assume that K has characteristic 0, i.e. we are in the case above (this
certainly includes C and the p-adic fields, which are the ones we are interested in). We now
assign three fundamental constants to an elliptic curve of the form given in Corollary 1.3:

Definition 1.6. Suppose E/K is an elliptic curve given in general Weierstrass form. Define
quantities
by :a§+4a2, by = 2a4 + a;as, bg :a§+4a6,

bg = a%aﬁ + dasag — arasay + agag — ai,
cy = b3 — 24by, ce = —bi + 36baby — 216bg.
Define the discriminant of E to be

A(E) = —b3bg — 8b3 — 27b2 + bababs,

the j-invariant of E to be

J(B) = ci/A,
and the Hasse invariant of E to be
V(E/K)=-2
Ce

Lemma 1.7. Up to a different choice of Weierstrass form:
(i) The j-invariant j(E) is well-defined,
(it) The Hasse invariant v(E/K) is well-defined up to squares (i.e. it gives a well-defined
element of K*/(K*)?).
Proof. See [6], II1.1, Table 3.1. O

Remark 1.8: For a curve in the form given in Corollary 1.3, it is easily checked that these
quantities satisfy
A = B?—-(C —64B> + 72BC — 432C?,
(1-—48B)3
A .

We conclude this section by stating a fundamental result that we will require in later
chapters to complete the uniformisation theorem.

Theorem 1.9. (i) A curve given in Weierstrass form is nonsingular if and only if A # 0.

(ii) Two elliptic curves with j-invariant # 0,1728 are isomorphic over K if and only if
they have the same j-invariant and Hasse invariant.

(i) If K is algebraically closed, then two elliptic curves are isomorphic over K if and only
if they have the same j-invariant.

Proof. For (i), (iii) see [6], II1.1.4. For (ii), see [7], V.5.2. O
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1.2. Algebraic Curves

In this section, we state some results on the theory of algebraic curves (algebraic varieties
whose function fields have transcendence degree 1 over the base field). The main result we
require is that for any such function field L/K, there is a smooth irreducible curve V' with
L = K(V) its function field. We construct V' by considering the set of normalised discrete
valuations and showing it has the required algebraic structure.

Recall that if V' is an algebraic variety, then P € V is smooth if and only if the local
ring of V' at P, Oy p, is a regular local ring. So, in the case where V is an algebraic
curve, as the transcendence degree of K (V') over K is 1, we have that the maximal ideal
is generated by 1 element; thus Oy p is a discrete valuation ring, and we obtain a discrete
valuation on K (V)/K, centred at P. It turns out that when V is an irreducible smooth
curve, this accounts for all normalised discrete valuations on K(V)/K, as summarised in:
Theorem 1.10. Let V' be an irreducible smooth curve. There is a bijection
{Points on V' } <— {Normalised discrete valuations on K(V)/K }.

In particular, every such valuation on K(V)/K is centred at a point of V.

Proof. See [3], 1.1.18. O

We now turn to another invariant of a function field, namely the genus. This is characterised
by the Riemann-Roch theorem, which we will state in its most relevant form. First, we
must define the notion of a divisor on a function field. Throughout, L will be a function
field over K with transcendence degree 1, with K algebraically closed, and A the set of
normalised discrete valuations on L/K.

Definition 1.11. A divisor on A is a formal finite sum of points of A, i.e. it has form

d=Y n,(v), n,€Z,

veEA

with all but finitely many of the n, = 0. We define the degree of a divisor to be

deg(d) = > n,.

vEA

Denote the group of divisors on A (under the operation of addition) by Div(A).

Definition 1.12. Let

A=Y n), &= n)

vEA vEA
be divisors on A. We say that d < d’ if n, < n/, Vo € A. We say d is effective if d > 0.

Definition 1.13. Let f € L. Define the principal divisor associated to f to be

div(f) = v(f)(w).

vEA
It is a simple check to show that this is well-defined (see [2], 1.6.5).
Definition 1.14. Let d € Div(A4). Define
L(d) = {f € L:div(f) > —d},

a K-vector space.
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We have the tools in place to state a version the Riemann-Roch theorem:

Theorem 1.15 (Riemann-Roch). Let d € Div(A). Then there is a constant g € N such
that if deg(d) > 29 — 2,
dimye L(d) = deg(d) — g + 1.

Definition 1.16. We call this g the genus of the function field.

Remark 1.17: If V is a plane curve, the correspondence in Theorem 1.10 shows that the
definitions of divisors on V' and K (V') (and hence genus) coincide.

We can now state the main result we need:

Theorem 1.18. Let L/K be a function field of one variable. Then there is an irreducible
smooth projective curve V' such that L = K(V). Furthermore, the genus of L/K = the
genus of V.

Proof. For the existence of V', see [2], 1.6. The result on the genus follows from Remark
1.17. O

Remark: In particular, if L/K is a function field of one variable and genus 1, then it is
the function field of some elliptic curve. For a direct proof of this fact, see [3], I1.2.17.



P-adic Uniformisation of Curves Chris Williams

2. Complex Uniformisation: A Review

In this chapter, we review the theory of complex uniformisation. We recall results from
the study of Riemann surfaces, before explaining why this approach immediately fails over
p-adic fields. We then consider uniformising complex elliptic curves over C* via the expo-
nential map, and derive series expansions to describe an explicit map for this new approach
- which will then carry over to the p-adic case, as required.

2.1. Complex Tori & Elliptic Curves
We begin by stating results about the Weierstrass p-function.

Definition 2.1. Let A C C be a lattice. The Weierstrass p-function with respect to A is
defined to be
=Ly 3 1 1
Pl =2 (z—w)? w2
weA\{0}

Proposition 2.2. g is elliptic with period A and is holomorphic on C\A, with a double
pole at each z € A.

Proposition 2.3. p satisfies the equation
(9")? = 49° — g2(N)p — gs(N),
with g, g3 constants that depend only on A.
This leads to the idea of complex uniformisation; define
Ep:y? =42% — go(AN)z — g3(A),
and note we have a well defined map
C/A — Ej,

2= (p(z;A), 9'(2;A)).

It turns out that this is an isomorphism of groups (and a complex analytic isomorphism of
Riemann surfaces). The complex uniformisation theorem now states:

Theorem 2.4 (Complex Uniformisation). Let E : y* = 23 + Az + B with 27B% +4A3 # 0.
Then there exists a lattice A C C such that E = E\; that is to say,

gQ(A) = _4Aag3(A) = _4Ba

and the map
1
C/A — E7Z — (p(sz)v ip/(sz))

is a complex analytic isomorphism.

Proof. See [7], 1.4.3. O

Thus every complex elliptic curve is isomorphic to the quotient of C by a lattice.
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2.2. g¢-Expansions of Elliptic Curves

We would like to develop this theory for p-adic fields. Unfortunately, we are forced to
abandon this idea immediately; indeed, let A C @Q, be a discrete additive subgroup, and
suppose 0 # x € A. Then pz, p?z, p3z, ... is a sequence in A tending to 0; that is, there are
no non-trivial discrete subgroups of Q,. So we must change our approach. We return to
the complex case.

A consequence of the theory above ( [6], VI.4.1.1) is that homothetic lattices give the
same elliptic curve. Thus we can normalise our lattice A = (1,7), with imaginary part
(1) > 0. Write p(z,7) = p(z,A); then

p(z+1;7) = p(2;7),

2miz

that is, we can consider p as a function of u = e*™**. We also have

p(z,7+1) = p(2;7),

so we can consider ¢ = €™, and find a Fourier expansion of @ in terms of u and ¢q. Note

lg| < 1. This consideration induces an isomorphism

C/A — C* /4",

2 272,
Our main task now is to determine an explicit formula for g in this new context. We want
a function F'(u;q) that satisfies

(i) Flqu;q) = F(u;q), and
(ii) F has a double pole at each u € ¢%, but is holomorphic outside of this.

The main idea in constructing such a function is to find a suitable function satisfing (ii) at
1 and then “averaging," adjusting where necessary to ensure convergence. The most basic

function with a double pole at 1 is ﬁ, which leads us to consider the series

1
2 =g

neEZ

Unfortunately this does not converge as n — —oo. We need instead to consider ﬁ to
ensure convergence; it can be shown ( [7], 1.6.1) that

F(u,q) = Z( cu

— 2
nez 1 q"u)
converges absolutely and uniformly on compact subsets of C*\¢?, and satisfies (i) and (ii).

We now relate this function back to p. By considering the start of the Laurent series

of p, we obtain
n

1 1 q
— = o(uaq) = Flu: —_9 1t
R ) = Flsa) + 15 =23 o

neE”Z

as their difference is holomorphic and elliptic (hence constant), and is thus identically zero
since it vanishes at 0. We also require a g-expansion for p’. We use % = %Z—Z = 27riud%,
and obtain
I q"u(l+q"u)
@ 07 2T gy
nez
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We now make a change of variables, removing the powers of (27i)? and the term 1/12:

1 ;1
r=2x —
(2ri)? 12
=2y .

Qmpl =W T

Under this substitution, the equation y? = 423 — gax — g3 becomes
y? +a'y' =" + B(g)a' + C(a),

for B, C functions of ¢ (see Remark 1.4). Note that Proposition 1.5 says that this change
induces an isomorphism of the corresponding curves.

We conclude:

Theorem 2.5. Define series

X(U;Q)ZZ%—QZ%

nez

Then the map
C*/¢* — Eq: y? +xy = 23 + Blq)z + C(q),

UH{ EQX(U;q),Y(U;q)) Zigi

s an isomorphism.
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PART II: THE UNIFORMISATION THEOREM

3. p-adic Analysis

Most of the preliminary work we have done so far is over arbitrary fields. We now specialise
to the p-adic fields, i.e. finite extensions of Q, for a prime p. In this chapter, we will
develop the theory of p-adic analysis, including holomorphic/meromorphic functions over a
p-adic field K, and quote Schnirelmann’s structure theorem for convergent Laurent series.
We will then focus on the field of g-periodic meromorphic functions for some ¢q € K, |g| < 1,
and show that it is an elliptic function field, i.e. that it is a function field in one variable
of genus 1 over K (and all finite extensions of K). We shall thus obtain an elliptic curve
using Theorem 1.18, and show that E, = K*/q".

3.1. Definitions and Schnirelmann’s Theorem

In what follows, C,, is the completion of Q,. Note that this is itself algebraically closed
(see [3], I1.4.16).

Definition 3.1. (i) A holomorphic function on K is defined by a Laurent series

ZanX",an € K,
nez

that converges for all x € C,. We write Hi for the domain of holomorphic functions
on K.

(ii) Let Mg = Frac(Hg), and say the elements of My are meromorphic functions on K.

Lev Schnirelmann proved a fundamental result about the structure of these functions, the
proof of which we omit:

Theorem 3.2 (Schnirelmann). Let f(X) = > a, X", a, € K, be a Laurent series that
nez
converges Vx € Cy. Then f can be written in the form

o} X
FE=ext [la-9 [Ta-.
o
| <1 la|>1
where the product is over {a : f(a) = 0}.
Proof. See [3], 11.4.16. O

Remark 3.3: The non-archimedean property of the valuation on K makes the theory
of series considerably easier than the corresponding case over C. In particular, |f(z)| =
| > anz™ < max{|a,x™|}, with equality if there is a strict maximum. We see that in
particular, f can only be zero on critical spheres |xz| = r, where there exists m,n € Z such
that |a,,m™| = |a,7"| = max;(|a;x?|). It can be shown that there is a finite, non-empty
set of zeros on each of these critical spheres (see the proof of Schnirelmann). In particular,
Schnirelmann says that any meromorphic function has form
k « M X
fx) =ext [Ta- S [Ta-2

Ja|<1 la|>1

)ma
)

where the product is over all a € C;, and the m,, satisfy
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(i) Only finitely many m, # 0 in an annulus 0 < r < |a| <7’ < o0;

(i) Mma =My Vo € Gal(K/K).

Definition 3.4. Let ¢ € K with |¢| < 1. A meromorphic function f € M is said to be
g-periodic if it satisfies

fla™X) = f(X).
Denote the space of g-periodic functions on K by Lk(q).

3.2. Divisors and Theta functions

Every point a € K* gives rise to a discrete normalised valuation on My /K, namely ord,,
the order of vanishing at . Such a set of valuations leads to a natural definition of the
divisor of a meromorphic function f.

Definition 3.5. Let f € Mg. Then define

div(f) = 3 mala),

aeCy
where m, = ord,(f).

Remark: The integers m,, satisfy conditions (i), (ii) of remark 3.3. In general, we say any
such collection of integers
{ma 1€ Cy}

that satisfy these conditions is a divisor over K. Call the space of such divisors Div(K™).

Note that the definitions of ‘effective divisor’ and the vector space L(d) carry over directly
from Chapter 1.2.

Proposition 3.6. Let d be a divisor over K. Then 3 0 # f € My such that d = div(f).

Proof. (sketch). Construct such a function using Schnirelmann. (See [4], p11). O

The following are two crucial definitions on the subsequent theory.
Definition 3.7. We say a divisor is ¢-periodic if
Mg-1q =M Va €Cp,
and write Div(K*/q%) for the space of g-periodic divisors over K.
Definition 3.8. A theta function for ¢ is a meromorphic function with a ¢-periodic divisor.

Remark: Suppose 6 is a theta function for 1 with divisor d. Then let §/(X) = (¢~ 1X). 0
and 6’ have the same zeros and poles, so by Schnirelmann,

0'(X) = ¢ H(—=X)(X).
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Proposition 3.9. There are well defined homomorphisms
d, : Div(K*/¢") — 7
d—d,
¢q : Div(K*/q") — K*/q"
d +— ¢ (mod ¢%).
Proof. Schnirelmann tells us that if #” is a general function with divisor d, then
0"(X) =bX"0(X).

Thus we have
0"(X) =bg "X e (- X)0(X)
= (cg") " (=X)"0"(X),
i.e. we see that we can associate to d a well-defined integer d and a well-defined value of
¢ (mod ¢%). The maps we obtain are clearly homomorphisms. O

We can describe these homomorphisms more explicity:

Lemma 3.10. (i) The map dq is the degree homomorphism that maps

d Z My-

lgl<|e|<1

(i1) The map ¢4 is the Abel-Jacobi homomorphism that maps

d— H o™,

lal<|er|<1
[Note that these are finite by condition (i) of 3.3.]

Proof. Consider the most basic theta function, namely

o(X) =[O —g"Xx Y [0 —qX),

n<o0 n>0
with div(p) = (1). A simple check shows that (¢~ 1 X) = —X0y(X), i.e.
dy((1)) =1, ¢¢((1)) =1 (mod ¢*).
Now put 0, (X) = bp(a™1X), i.e. div(d,) = (o). Now
0a(q7'X) = (aq) (= X)8a(X),
hence d,((a)) =1, ¢,((a)) = a (mod ¢%).

Now take a general divisor d = Y mq(a). We easily see that [[(6,)™ is a theta function
for d. Then

dg(d) =" m = deg(d),
dq(d) = [ ™.

over suitable limits, as required. O

Corollary 3.11. A q-periodic divisor d = S ma(a) € Div(K*/q") is the divisor of a
q-periodic function
> deg(d) =0, [[e™ =1 (modd”).

10
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3.3. Constructing the Curve

Thus far we have constructed the field Lk (¢q) of g-periodic meromorphic functions on K*,
and shown that their divisors satisfy a fairly strong condition. We are in a position to
describe the genus of Lk (q), using Riemann-Roch and the following:

Lemma 3.12. Let d € Div(K*/q%) be a q-periodic divisor over K, with deg(d) > 0. Then
dimg L(d) = deg(d).

Proof. Induct on deg(d). We see that we can, in fact, adapt the statement to expand it to
deg(d) = 0; Corollary 3.11 tells us that we have proved

dimg L(d) = deg(d) = 0,
provided ¢,(d) # 1 (mod ¢%).

Now suppose deg(d) = d, and we have proved the result for all divisors of degree d — 1. Let
a = ¢4(d), and pick b # 1,a (mod ¢%). Then

deg(d— (b)) = d — 1= dimg L(d — (b)) = d — 1.

(Note induction holds at d = 1 since ¢q(d — (b)) # 1 (mod ¢%).) We see that L(d — (b)) is
the kernel of the linear map
Ld) — K, [ f(b).

Rank-nullity implies we need only prove surjectivity to complete the proof. But
(d=1)(1)+(a) —d

is a principal divisor whose associated function f does not vanish at b; hence f has non-zero

image in K, i.e. the map is surjective. O

We’d like to conclude that L (g) has genus 1 over K. But Riemann-Roch is a statement
about algebraically closed fields. We must show that the lemma holds for any enlargement
of the field of constants, as then it holds over the algebraic closure (the union of all finite
extensions).

Proposition 3.13. Let F/K be a finite extension. Then Li(q) - F = Lp(q). (i.e. if we
extend the field of constants via a finite extension F of K, we obtain the g-periodic functions

on F).

Proof. Pick uq,...,u, a basis for F//K. Then the u; also give a basis of Hp/Hy and
MF/MK. If f € Mg, write

f= Zuifi7 fi € Mk.

Then linear independence of the u; gives that f g-periodic if and only if f; g-periodic for all
i. Thus the u; also give a basis of Lr(q)/Lk(q), that is, Lr(q) = Lk (q)-F, as required. [

Corollary 3.14. Lk (q) has genus 1 over K.

11



P-adic Uniformisation of Curves Chris Williams

We’ve now proved that there is some elliptic curve, say E,, such that Li(q) = K(E,). We
need to show that E, = K*/ ¢%. To do so, we recall the correspondence

{Points on E,} +— {normalised discrete valuations on Lx(q)} = A(Lk(q)).

Lemma 3.15. There is an isomorphism
K'[¢" — A(Lg(q) — Ey(K),

a — ordg — Py,

where ord,, is centred at P,.

Proof. The second map, and hence the composite, is injective, since E, is smooth (the first
map is clearly injective).

Surjectivity: take a point @ in E,(K). Then take a function

fe LRO\K,

where we note 2@ is a divisor in the usual sense on the curve. Such a function exists by
3.12. Schnirelmann says that such a function must have a pole in K /q¢”. But if Q is not
in the image, then there is no point of K /q” that gives rise to a valuation centred at @,
i.e. there is no pole in K /q”, contradiction. Thus the map is bijective and we obtain the
required isomorphism. O

Corollary 3.16. E,(K) = K*/q".

Proof. Take Gal(K/K) invariants in 3.15. O

12
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4. Invariant Calculations

The remaining work in the uniformisation theorem comes in determining which p-adic
elliptic curves can be written in the form K*/ ¢%. In this (somewhat technical) chapter, we
will use formulae from complex uniformisation (see chapter 2) to define the ‘Tate map’, an
explicit isomorphism K*/q* — E,(K), and use it to determine the j-invariant and Hasse
invariant of ;. We thus obtain the necessary condition that any p-adic elliptic curve that
can be uniformised in this way has non-integral j-invariant and trivial Hasse invariant (we
see in chapter 5 that these conditions are in fact sufficient).

4.1. The Tate Map

Recall 2.5; we defined series

X(”%Q):Z%—Qzlqi

nez 1- q n>1 o qn
B <qnu)2 qn
Y(u’q>_Z(17qnu)3 Zl*(}”’

and obtained an isomorphism
C*/q" — E4(C) : y* + xy = 2° + B(q)z + C(g),
. . ) 7
UH{ (X(30),Y(u;q) :ugd’
O tuEq

Recall also Theorem 1.18, which says that a genus 1 function field L of one variable over
an algebraically closed field K is the function field of some elliptic curve. In the proof, we
take an arbitrary principal divisor (say d = (1)) and consider

re LRA\K, ye L(3d)\L(2d),
obtaining that L = K (x,y). Details of this approach are in [3], 11.2.17.

Now X (u;q) has a pole of order 2 at 1 (mod ¢%), and Y (u;q) a pole of order 3. It fol-
lows that o

with the relation
Y24+ XY =X34+B(g)X +C(q) (see2.5).

Note that as |q| < 1, the series for X, Y obviously converge to a limit in the complete field
K (u,q) (a finite extension of K). So we see that the equation above is satisfied p-adically
by considering it as an identity of formal power series (and using the complex case). We
conclude:

Theorem 4.1 (Tate). Let K be a p-adic field, and let X (u;q) and Y (u;q) be as above.
Then the map
K*/¢* — Ey(K) : y* + zy = 2* + B(q)z + C(q),

{ (X(u;9),Y(us9)) :udq”

:quZ

is an isomorphism.

13
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4.2. Calculating the j-invariant

To calculate the j-invariant, we need to find explicit formulae for B(q),C(q) in 4.1; then
we can use Remark 1.8 to conclude.

Definition 4.2. Let s,(q) = > %Zz.
n>1

Lemma 4.3. We have the equalities:
(i) B(q) = —5s3(q),
(ii) C(q) = —15[5s3(q) + Ts5(q)]-

Proof. Define D = u%, a differential operator. Note (via a simple check) that

1
Y = (DX - X),

that is,
(DX)? - X? =4(X*+ BX + O). (1)
Observe that . p .
qu mn, m
T~ ()
and also that
q"u ¢ "ut

(1 _ qnu)Q (1 _ q—nu—l)Q’

so that
X(upq) =Y > mg™u™ —2s
neZm>1
U mq" _
- 4 (U™ +u"") — 2s1.

We can consider ¢ as an indeterminate, and thus consider the above series to have coefficients
in the field Q((g)). To ease the calculation, we make the change of variables, setting

1— n
T:logu:—z%.

n>1

This means
D= ui = i
du dT
The idea of such a substitution is to give a suitable Laurent expansion in 7" that we can
then differentiate normally to substitute into the equation (1) above. We first define a set

of important constants, the Bernoulli numbers.

Definition 4.4. The Bernoulli numbers By, are defined to be the constants satisfying the

following expression:
o0

T Tk
T 1 kZBkF
—0

14
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We can calculate the Bernoulli numbers for small examples, and find

1 1 1 1
BO:L Blz_f B2:6a B4:_%7 6 — 5

2 )
Using this, we can expand the first term in the above as

el _d( 1 \N_d (1 T \_ dflg, T"
(1—eT)2 dT \1—¢T ) ar \T1-¢T ) dT \T k!

k>0
_ 1 Biya TV
= - AT
T = El E+2
Thus we can rewrite X (after expanding the second term) as
1 Bryo T* ™
k>0 n>0

Applying D to (1), as DX # 0, we obtain

D?X —2X =6X?% +2B. (3)

Substituting (2) into (3) and considering the constant term gives

B(q) = —5s3(q).

Now using this and substituting (2) into (1), it follows (again by considering the constant

term) that
1

Clq) = —5[553((1) + 7s5(q)],

as required. O

Corollary 4.5. The coefficients B and C have integral coeffiecients, that is, they lie in
Z[[q]]-

Proof. We have n® = n®(mod 12), so 5s3+7s5 = 0(mod 12), so the coefficients lie in Z. [
Proposition 4.6. (i) The discriminant of E, satisfies A(E,) = q (mod ¢?).
(i) There exists R(q) € Z[[q]] such that j(E,) = % + R(q).
Proof. Recall Remark 1.8, which said that
A = B? - C —64B% + 72BC — 432C?,

(1-48B)3
— A

(i) Now s3 = s5 (mod ¢?), that is,
5s3 4 7s5 = 12s3 (mod 12¢?),

proving that
C(q) = —s3 = —q (mod ¢?).

Also, B(q) = —5¢ (mod ¢?), so it follows that
A =—-C(q) = q (mod ¢?).

15
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(ii) From (i), X
3(Eq) = 1), hla) = ale)/B(q)
(where a, § € Z[[q]] with o, 8 =1 (mod q)). Therefore we see easily that
he€Zq]], h=1 (mod q)

giving j(E,) = % + R(q) with R(q) € Z[[q]] as required.

4.3. Calculating the Hasse invariant

Recall: v(E,/K) = —c4/cs, well-defined up to squares. Simple calculation gives, for E, in
the form of 4.1,

ca(q) =1 —48B(q) = 1+ 240s3(q),
c6(q) = =1+ T2B(q) — 864C(q) = —1 + 504s5(q).

Lemma 4.7. Let o € K*, with |o| < 1. Then 1+4a is a square in K.

Proof. We consider the binomial coefficients
-1/2 (=)™ (2n 1
= —Z.

(1+40) 2 =% (2/2> (10)" = S (=1)" (2:) o

n>0 n>0

Thus

is a power series in o with integer coefficients. As || < 1, this series converges, so (1+4a)~!
is a square, which implies that 1 + 4« is a square. O

Corollary 4.8. We have y(E,;/K) =1 (mod K*).

Proof. As ¢4 and —cg are squares in K, we know —c¢4/cg is a square in K. O
Corollary 4.9. For any choice of ¢ € K with |q| < 1, we have |j(Eq)| > 1 and v(E,/K) =
1. In particular, a necessary condition for a p-adic curve to be uniformised in this way is

that it has non-integral j-invariant and trivial Hasse invariant.

Proof. The j-invariant and Hasse invariant of an elliptic curve are preserved by isomor-
phism. O

16
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5. Tate’s Uniformisation Theorem

To conclude our work with elliptic curves, we will show that the necessary conditions of
Chapter 4 (i.e. Corollary 4.9) are in fact sufficient. We will also prove that for a p-adic
elliptic curve E with non-integral j-invariant,

Y(E/K) =1 (mod (K*)?) if and only if E has split multiplicative reduction,
and thus obtain an alternate necessary and sufficient condition.

First, a lemma on power series.

Lemma 5.1. Let R(X) = " a; X" be a power series with integral coefficients in K. Then
the function
p:{ge K:0<|q| <1} —{reK:|r|>1},

1
is a bijection.

Proof. Firstly it’s clear that ¢ maps into the correct set, as

1 1
’—FR(q)‘ = H > 1.
q q

It is injective: if ¢(q1) = ¢(g2), then

1 1

q1 q2

|Q1 *qQ| .

‘q1q2| - = ‘R((h) 7R(Q2)|

= lai(q1 — g2) + a2(qi — @3) + |
= |q1 — q2| - |ar + az2(q1 +q2) +---|.
But 1/]q1¢2] > 1, and |a1 + a2(q1 + ¢2) + -+ | < 1 (as a; € Ok), so we conclude that
g1 — 2| = 0= q1 = qa.

It is surjective: given r € K with |r| > 1, construct ¢ by setting

1 1
=—, ¢+1= -1+ q¢R(g)),
o=, gir1=_(1+aR())
g = lim g;.
1—> 00
A simple check shows that ¢(g) = 7. O

Corollary 5.2. Let E/K be an elliptic curve with |j(E)| > 1. Then there exists some q € K,
with |q| < 1, such that E = E, over K.

Proof. In 4.6, we proved that
. 1
J(Eq) = i R(q), Re€Z[[q]

(for some integral power series R). Take this R in the lemma. Pick ¢ such that ¢(q) = j(E);
then j(E) = j(E,), so 1.9 (iii) gives E = E, over an algebraic closure of K. O

17
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Recall the set-up: K is a p-adic field, with ring of integers Ok, uniformiser m and residue
field k, and E/K is an elliptic curve. We can consider reduction (mod 7) to obtain a curve
E(k). The curve has good reduction if E is smooth, or bad reduction otherwise. We say
a curve has split multiplicative reduction if E has a node and the tangent slopes lie in &
(recall that a curve in Weierstrass form has a node if and only if A = 0 and ¢4 # 0). For
more on reduction, see [6], VIL.5.

Theorem 5.3 (Tate’s Uniformisation Theorem). Let E/K be an elliptic curve with |j(E)| >
1, and pick ¢ € K such that E = E; over K. The following are equivalent:

(i) E = E, over K;
(i) v(E/K) =1 (mod (K*)?);
(ii) E has split multiplicative reduction.

Proof. (i) <= (ii) follows from Theorem 1.9 (ii) and 4.8.

(i) = (iii): it suffices to show that E, has split multiplicative reduction. Now |[s3(q)| < 1,
|s5(q)| < 1, so the reduced curve has form

y? +xy = 2°.
The singular point is at (0,0); we can write the curve as the locus of
fla,y) = (y+a)y —2°,

i.e. the tangent slopes at the singular point are 0 and 1 € k. As 0 # 1, the singular point
is a node, so we have split multiplicative reduction.

(iif) = (ii): take E a curve with split multiplicative reduction, and a minimal Weierstrass
form
y2 + a2y +azy = 23+ axx® + agx + ag

such that the singular point is at (0, 0).

We know (0,0) is on the curve, so ag = 0 (mod ), and it is singular, so ag = a4 = 0
(mod ). Thus

by =ajaz+2a4 =0 (mod 7), bs=a3+4ag=0 (mod 7),

cy = b3 —24by = b5 (mod 7).

Now E has a node, so ¢4 # 0, that is, by is a unit in k. Now

1—24%
Cq 1 b2
E/K)=——=— 2 :
B == =% (1—36g;+216;;g>
2 2

By Lemma 4.7, the numerator and denominator of the bracket are both squares, so this is

1 — *
5 = by (mod (k*)?).

18
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It remains to prove that by = a? + 4as is a square in K*. We’ve shown that the reduced
curve has form
y2 + a1y = >+ cf2x2,
and we can factorise over the algebraic closure k to get
(y — az)(y — fr) = y* + diey — do”.

In fact, note that as the reduction is split, & and B lie in k; hence we can use Hensel’s
lemma to lift to a, 8 € K with a # § and

(y — az)(y — ) = y° + aray — aza”.

Thus
ap=—(a+p), a=-ap

= by = (a4 B)? —4aB = (a — B)? € (K*)?,
i, Y(Ey/K) = 1 (mod (K*)?).

Thus (ii) <= (i) = (iii) = (ii), and we are done. O

Corollary 5.4. Let E/K be an elliptic curve with |j(E)| > 1, and take q such that E = E,
over K. Then there is (at worst) a quadratic extension L/K such that E = E; over L.

Proof. Take L = K(\/v(E/K). O

Remark: Corollary 5.4 allows us to describe E(K) explicitly as
{ueL*/q¢": Np/k(u) € q*/¢*y.
For details, see [7], V.5.4.

This concludes our work with Tate’s uniformisation theorem.

19



P-adic Uniformisation of Curves Chris Williams

PART III: MUMFORD CURVES

6. The Tree of a Compact Subset of P}

In the sequel, we will define Schottky groups - certain subgroups of PGLy(K) - and prove
that any such group T is free. To do so, we will associate to I" a tree T(X) (for suitable
compact X C PL) and hence a finite graph 7(X)/T" upon which I" acts freely.

In this chapter, we will use the notion of reduction to define an equivalence relation on
distinct triples of points in P} (or, subsequently, X C P}.). We then take for our vertices
the equivalence classes and study the images of reductions to add edges. We will eventually
conclude that the resulting graph is a locally finite tree, and prove a useful result connecting
limit points of X to halflines in 7 (X).

First, we gather some relevant definitions:

Definition 6.1. A tree T is a connected graph with no cycles. A tree T is said to be locally
finite if for a vertex v there are a finite number of vertices u connected to v by a single
edge.

Definition 6.2. A halfline in a tree is an infinite chain of consecutive edges, with no
repeated vertices, and with a specified endpoint.

6.1. Reductions of P}

Let a = (ag,a1,as) be a triple of distinct points in P%.. Then there is a unique automor-
phism 7, of Pk mapping ag + 0,a; — 1, and a, + o0.

Definition 6.3. Define the reduction of P} at a by
R, : Pk 2% Pl L Pl
where R is the standard reduction (mod 7) for a uniformiser .

Definition 6.4. Define, for a,b two distinct triples in Pk,

.ol YaXV 1 1 BXR 1 1
Rop : Py — Ppe X Ppe —— P, x Py..

Ra, R, are both clearly continuous (where P} has the discrete topology).
Proposition 6.5. Let a and b be triples of distinct points in Pk..

(i) If vay, ' € PGL2(Ok), then R, (PL) = P}.

(ii) If a7y, ' € PGL2(Ok), then Rop(PY) C {a} x PLUPL x {8}, a,B €PL.

Note that equivalently, this says that if the reduction of ~y,7, ! to an endomorphism of P
is invertible, then the image of R, is isomorphic to a single copy of P; otherwise, it is a
subset of two intersecting copies of P}.

Proof. (i) We have the commutative diagram

~1id

1 b 1 a% X1 1 1
-

]P)K —_— IP)K ]P)K X PK

| e

Axid
P . P} x Py,
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where A denotes the reduction 47, ! Clearly the composite of the two top maps with the
right hand map is R, . Now 'ya'yljl € PGL2(Ok), so A is invertible, i.e.

Im(R, ;) = Im(A x id) = Pj
(since R o1y, is surjective).
(ii) Write
5 ,y—l _ ([ @11 a12
@1 az a2 )’
Then we see that the image of v, X 75 lies in the zero set of the polynomial
F = —yo(az121 + a2ex0) + y1(annz1 + a1270),
since
Im(ve X ) = Im((ya7, * X id) 0 %) = Im(ya7y, ' x id)

(as 7 is surjective). Here we have used the notation ([zg : z1], [yo : y1]) € P x P
Now if A is not invertible, then the reduction F' (mod =) factorises as

F = (AJL‘O + le)(Cyo + Dyl),
that is, the zero set of F is

Z(F) = {a} x P, UP, x {B},

some (a, 8) € P} x PL. The result follows since Im(R, ;) C Z(F). O

6.2. The Tree of X C PL

Let X C P} be a compact set.

Definition 6.6. Write X(®) ¢ X3 for the set of all distinct triples in X. Given a,b € X®),
we say a and b are equivalent if 'ya%:l € PGL2(Ok).

This clearly defines an equivalence relation on X ().

Definition 6.7. Suppose a and b are inequivalent points in X®). We say a and b are
connected if (o, ) ¢ Rqp(X) (where o, 5 are as in Proposition 6.5 (ii)). That is, a and b
are connected if and only if R, (X)) is the union of two lines and their intersection is not
contained in this image.

Remark: Being connected is clearly a well-defined notion for equivalence classes of points
in X®): if @ ~ a/, and a connected with b, then as v,7,! is an automorphism, R, ;(X)
contains the intersection point if and only if Ry (X) does.

Definition 6.8. The tree of X, denoted T (X), is the graph obtained by taking as vertices
the equivalence classes of points in X(®) and saying [a] and [b] are joined by an edge if and
only if a and b are connected.

Note that R,(X) is finite, say = {ay,..., @, }. Then for each a € X we obtain a finite
partition of X into (open, compact) disjoint sets X; = R, *(c;). These partitions entirely

determine 7 (X), as seen by:

Lemma 6.9. Let a,b € X©®). Then
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(i) a ~ b if and only if a and b define the same partitions of X.

(ii) a is connected to b if and only if for the corresponding partitions {X1,..., Xm} and
{Y1,..., Y} we can reorder such that

X1 =YU---UY,,
Yi=XoU---UX,,.

Proof. (i) Suppose a ~ b. We have bijective projection maps
T Rap(X) — Ro(X),

o & Ra)b(X) — Rb(X),

where bijectivity follows since if o € R,(X), pick some 8 € Ry(X) such that (o, ) €
R, (X); then this choice of § is unique since (a, §) lies in the image of the (bijective) map

1 Axid 1 1

(where A is invertible as a ~ b). Thus for a € R,(X), pick S as above, then
RiHe) = Rypmy (@) = Ry ymy ' (8) = By (8).

Thus for each X;, there exists some Y; such that X; = Yj. This process is clearly reversible.
Thus the Y reorder the X; and the partitions are the same.

Conversely, suppose the partitions are the same. Then for each o € R,(X), there is a
unique 3 such that R;'(a) = R, '(B). Hence it’s clear that R,;(X) is not a subset of
{a/} x PLUP} x {B'} for some o/, 3’ € P}, that is, a ~ b.

(ii) Suppose a and b are connected. Put
X1 =R;'(a), Yi=F,"(B),

where (o, 8) is the intersection point (which does not lie in R, ;(X), since a and b are
connected). Then X; UY; = X, and X; NY; = @ since («, 8) ¢ Ry p(X), hence it follows
that the decomposition has the required form.

Conversely if we have a decomposition of this form, put @ = R,(X1),8 = Rp(Y1). It’s
clear that R, ,(X) C {a} x P UPL x {8} with (o, 8) & Rap(X). O

We now quote a lemma that completely describes the edges through a point [a] € T(X).
Lemma 6.10. Let [a] € T(X), with Ry(X) = {a1,...,an}. Then if |R; (a;)| > 1, there

exists a unique [b;] € T(X) such that there is a single edge between [a] and [b;]. Furthermore,
all the edges through [a] are obtained in this way.
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Lemmas 6.9 and 6.10 allow us to examine chains in 7(X) by looking at the partitions they
give rise to. In particular, Lemma 6.9 (ii) means that if [a] is connected to [b], we can (for
a certain example) write the partitions like

[a] Xl X3 X 3 X-l X 5 Xm

[b]

where here the lines represent inclusions (i.e. X; =Y, U---UY,,_1). Then for [b] connected
to [¢], Lemma 6.10 implies that we can do the same, with a necessarily different choice of
Y le. f Y, = X5 U---UX,,, we can’t write ¥;, = Z, U--- U Z,), as shown below:

[a] Xy X5 X3 X4 X5 X

[c] Z, Z, Zy Zy Ipn z

We see that we obtain a sequence of strictly decreasing nested subsets
X122z 0.

Corollary 6.11. There are no cycles (non-trivial finite chains with the same start and end

point) in T (X).
Proof. Take a cycle, and break it up as [a] — [b] — [¢] — - -+ — [a]. We obtain
X121 272122 Xy,

but then X| € {X3,...X,,,}. This is a contradiction as the X; are disjoint. O
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Proposition 6.12. There is a bijection

{halflines that start at [a]} +— {limit points of X }.
Proof. Take a halfline [a1] — [a2] — - -+ . We obtain a sequence

XI2XP2X7 2+

=

of compact subsets of X. We have
M xi+o,
i=1

since the X? are closed. Without loss of generality, take 0 € X? for all i. Also without
loss of generality co ¢ X1. Thus for each i, we can take a well-defined real number

§; = sup{|z| : v € X}}.

As the R,, are continuous, the X! are open and contain a neighbourhood of 0; disjointness
of each partition means '
X ={z e X} :]a| <6,

and lim; .., §; = 0, since the valuation on K is discrete and the inclusions X { 2X f“ are
strict. Thus

oo
ﬂ X7 ={0},
i=1
and this is a limit point (as the intersection of an infinite family of open sets).

Conversely, if we take a limit point o € X, and [a] € T(X), then we can define a halfline
by:

(1) [a] =[],
(ii) [an+1] is the point connected to [a,] corresponding to R,, ().
Here we note that |R; ' (R,, (a))] > 1 since « is a limit point and by continuity of R,,. O

We collect our results in the following:
Theorem 6.13. T (X) is a locally finite tree.

Proof. All that remains is to show 7(X) connected. Take [a] # [b] in T(X). If they are
not connected, then there is some a € X with R, ;(c) lying on the intersection of the two
lines in R, ,(X). Then R;!(R,(«)) clearly contains more than one point (since it contains
all points corresponding to the second line in the image). So define [a;] to be the point
connected to [a] over Ry (). Then we continue inductively to define a chain

[a] = [a1] — [ag] —---

in the direction of [b]. Such a chain must be finite by our results on halflines, so it defines
a path from [a] to [b]. O
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7. Schottky Groups

We now consider Schottky groups, finitely generated discontinuous subgroups of PGLy(K)
with no elements of finite order. Such groups give an analogue of the group ¢” studied in
the genus 1 case. In this section, we review some properties of general discontinuous groups,
and then specialise to prove a structure theorem for Schottky groups, namely that every
Schottky group is free. We will conclude by quoting a result that every Schottky group has
a good fundamental domain, that is, a subset of PL- with suitable properties. Such domains
will be used to define a space  with /T an algebraic curve.

7.1. Discontinuous Groups

Recall that PGLy(K) = GLo(K)/K* is the automorphism group of Pk.. If v € Py,

[ a b
’y - c d 9
aq+b
cq+d-

then 7 acts on ¢ € PL by v(q) =

Definition 7.1. Let I' < PGLy(K) be a subgroup. We say that o € P} is a limit point of
I if there is an infinite sequence (v,)5%; C I', with v, # 7, for m # n, and some 3 € P},
such that

lim 7,(B) = a.

n—oo

We write £ = L(T") for the set of limit points of T.

Definition 7.2. Let F' be a field. We say that a subgroup I' < PGLy(F) is discontinuous
if
(i) L(T) # P,

(ii) for any o € Pk, the closure I'(a) of the orbit of v is compact.

Remarks: (i) Note that if F' is locally compact, the second condition is automatic. So
when F = K is a p-adic field, I is discontinuous if and only if £(T') # P}-.. From now
on, we assume that we are in this situation.

(ii) If a group I' is discontinuous, then it is discrete. Indeed, suppose there is some
sequence (v,)52; C T tending to some v € T' as n tends to infinity. Then the
sequence (7717,)%, tends to the identity, and hence every point of Pk is a limit
point, contradicting the assumption that I' is discontinuous.

Definition 7.3. Let v € PGLy(K), with eigenvalues A, u. We say that + is
(i) hyperbolic if |A| # |pl,
(ii) parabolic if A = u, or

(iii) elliptic if |A| = |u| but A # p.

Lemma 7.4. Let v € PGLy(K).

(i) v is hyperbolic if and only if v is conjugate in PGLo(K) to an element of the form
qg O
<0 1>, 0<lql <1
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(ii) ~ is elliptic or parabolic if and only if a conjugate of v* lies in PGL2(Ox).
Proof. Omitted. See [1], I.1.4 for details. O

Proposition 7.5. (i) Suppose v € PGLo(K) is hyperbolic. Then () is discontinuous.

(i) If T is a discontinuous group, and v € T is elliptic or parabolic, then ~ has finite
order.

Proof. (i) The group (v) has two limit points, corresponding to the eigenvectors of v. So
L({)) # Pk, and hence (v) is discontinuous.

(ii) As ~ is elliptic or parabolic, it is conjugate in PGLy(K) to an element of form

@ (5 1) wW=1 om (o)

where here we write elements of GLy (K') representing the corresponding classes in PGLa (K).
Let I = (v); then I" is discontinuous, and hence discrete. In case (a), the group {\" : n €
Z} is this a discrete subgroup of the unit group O of Ok, and thus is finite, forcing A to
be a root of unity, proving the claim.

In case (b), we have
(v) Z {np:n ez},
and for a p-adic field this cannot be discrete unless p = 0. O

We want to investigate the limit points of discontinuous groups. Suppose I is discontinuous,
with (without loss of generality) oo ¢ £, and (v,)52; C T is an infinite sequence. Write

_ an by
rYn - Cn dn .

Then, by compactness of IP’}(, there is a subsequence such that a,/c, = 7,(c0) tends to
some limit, then a subsequence of this such that b, /d,, = 7,,(0) tends to some limit, and yet
a further subsequence such that d,,/c, = —v, 1(c0) tends to a limit. From now on, when
we refer to (7,,) we implicitly mean this subsequence.

. o [ a b
J:%( i c,>—(1 3 )< Ml

where the matrices on the left hand side define the same elements (under equivalence in
GLy(K)) as the v, in PGLy(K).

Since oo ¢ L, we have

O |

180 s

Now, since T is discontinuous, it is discrete; thus the limit does not lie in GLo(K), that is
it has determinant ad — b = 0, forcing ad = b. Thus

ag+b  a(q+d) Y

A m(e) = =T T T
unless ¢ = —d € £ and d, /¢, is a constant sequence.

Definition 7.6. Let a € P}.. Then define £(a) C £ to be the set of limit points 3 of T for
which there is an infinite sequence (v,) such that

lim ’Yn(a) =p.

n—oo
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Lemma 7.7. (i) If x ¢ L, then L(z) = L.

(i) For any three distinct points A = {z,y, 2} C P, there is some w € A with L(w) = L.

Proof. (i) In our discussion above, we showed that lim,,_, o v, () is independent of 2 when
r # —d = lim,_,» —7,, 1 (00). But —d is a limit point. So as x is not a limit point, we have

L= L(z).

(ii) From (i), we need only consider the case where z,y,z € L. If x and y are distinct,
then £(z) U L(y) = L, since if 5 is a limit point with corresponding sequence =, either x
or y is not equal to —lim,, o ¥, 1 (00), 80 B = lim, 0 Yn(x) (Without loss of generality).

Thus z € L£(z) U L(y). Without loss of generality z € L£(x). Continuity gives £(z) C L(x);
indeed, if z = lim;,, o Y (2) for some sequence (7v,), and w = limy, o0 ¢m(2) € L(w) for
some sequence (¢, ), we have w = lim,,, 00 @mYn(x) € L(z). Thus

L=[L(z)UL(x)] C L(x)CL,
that is, £L(x) = L, as required. O
Corollary 7.8. L is compact. If |L] > 2, then L is perfect (equal to its set of limit points).

Proof. If |£| <2, it is clearly compact. Suppose |£| > 2. Pick a limit point « € £ such that
L = L(z) using Lemma 7.7 (ii). Note that as = = lim,,_, o 7 () is a limit point for T', we
have T'(z) C £; indeed, for any ¢ € T, we see that ¢(z) = lim, 00 ¢yn(2). It is thus easy
to see that £ is nothing but the closure I'(z). Then

that is, £ is compact and perfect. O

7.2. Schottky Groups
Definition 7.9. A subgroup I' < PGLy(K) is said to be a Schottky group if

(i) it is finitely generated,
(ii) it is discontinuous, and

(iii) every non-trivial element is hyperbolic (which happens if and only if it has no non-
trivial elements of finite order).

Proposition 7.10. Let T' be a Schottky group with at most 2 limit points. Then I' = ()
for some vy €T.

Proof. Note that there must be exactly 2 limit points (see Lemma 7.5 (i)). Without loss
of generality £ = {0,00}. Then every element has form = — qz,q € K*. The subgroup
{¢: (x> gx) € ')} is a discrete subgroup of K* with no elements of finite order, hence is
generated by some go. This corresponds to some hyperbolic v with T’ = (). O

Remarks: (i) It follows that any Schottky group with 2 limit points is free. Henceforth
we focus on the case where there are more than 2 limit points.

(i) Let X be a compact subset of PL with T'(X) = X. Then note that £(I') C X, since
L is perfect, and for any distinct triple of points in X, we can take one of them, say
x, such that £ = L(z). For any such X we have a tree 7 (X).
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Proposition 7.11. Take X as above. Then T acts on T (X) by
v [(a07a'17a'00)] = [’Y(ao)77(a1)7’7(aoo)]~

Proof. Tt suffices to show that the natural action of I' on X®) respects equivalence and
connectedness of points. Note that if a = (ag,a1,a0) € X®), and ¢ € T', then

Ya - ¢_1 : d)(a) = (O’ la OO),

that is, 7,¢~! = ¥4(e). Thus
7(17(@)7;&,) = Ya - ¢_1 X 71;_1 = %’71717

i.e. the action of I on X®) preserves equivalence and connectedness. O

We’re now in a position to prove the main result of this section, namely that any Schottky
group T is free. To do so, we note that T' acts freely on 7 (X)/T'; so the result follows
immediately from:

Lemma 7.12. Let T be a Schottky group, and let T (X)) be the tree of a compact T'-invariant
X C PY. Then T(X)/T is finite.

Proof. First, some notation. If 7 is a locally finite tree, and « is a vertex of T, then
T\{a}=8 U ---US, uTiU---UT,,

a union of disjoint locally finite trees, where each S; is finite and each 7; is infinite. We say
that fin(a) :== S U---US,, is the finite side of «, and that « is n-sided (where n is the
number of infinite components of this disjoint union).

Take any vertex a of T(X), and take IV C T' a finite generating set (containing inverses
and the identity). We pick a finite subtree & C T (X)) to be the minimal tree such that:

(i) For all v € I, we have y(«a) € U, and
(i) If B € U, then fin(B8) C U.
Then define a subtree V of T(X) by
V= U ~(U).
el

Note that since U contains the finite side of any 5 € U, the same must be true of any
B’ € V; indeed, if 8’ = v(8), some 7, then fin(8") = v(fin(8)).

Claim: T(X) = V.

Proof of Claim: Take 8 € T(X). Then if § is 1-sided, then it is contained
in the finite side of some n-sided vertex for some n > 2. So without loss of gen-
erality 3 is n-sided with n > 2. Thus there is a halfline starting at o through 5;
such a halfline corresponds to a limit point z of I'. Take any zo € P} \L, and a
sequence 7, such that v,,(z9) — z (which is possible by Lemma 7.7 (ii)). Then
a,v1(a),v2(a), ... are all points on the halfline corresponding to z, and lie in V.
So as (3 lies in a path from 7, (a) to yx4+1(c), some k, we have 8 € V.

Thus 7 /T is finite, as U is, and every point of T (X) is equivalent under the action of I to
one in U. O
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Theorem 7.13 (Thara). Let T' be a Schottky group. Then T is free.

Proof. T(X) is simply connected, and the projection
T(X)—=T(X)/T

is clearly surjective. Hence T (X) is the universal cover for T (X)/T", with group of covering
translations I'. Thus I is isomorphic to the fundamental group of the finite graph 7 (X)/T".
But the Van Kampen Theorem says that this is free on its generators. O

7.3. The Fundamental Domain of a Schottky Group

We now focus our attention on constructing a space 2 on which I' acts discontinuously,
and a workable notion of Q/T". We do so by cutting discs out of ]P’}Cp and identifying the
resulting boundaries in a suitable way.

Recall that C, is defined to be the completion of the algebraic closure of K. For ease
of notation, we write IP := P%:p. We fix some notation:

o Let By(a) ={z: |z —a| <r}, a closed ball, and
e Let By(a) = {z: |z — a| < r}, the corresponding open ball.
Note that PGL2(K) takes open (resp. closed) balls to open (resp. closed) balls.
Consider the following construction: Let B, ..., E, Ch, ..., 079 be 2g disjoint closed balls in P,

with centres in K, and with corresponding open balls By,..By, Ci,...,C,.
Suppose there exist 71, ..., 74 € PGLy(K) with

7 (P\B;) = Ci,  7i(P\B;) = C;. (1)

Figure 7.1

Let I' = (71, ...,74) be the group generated by the ;.
9 g
Definition 7.14. Let F = P\({J B; U J C)).
i=1 i=1

Lemma 7.15. The group I' is a non-abelian free group on the ~;.

Proof. We consider, for ¢ € T', the image 1 (F'). We can write any such ¢ in reduced form
as

VY= Prdr—1- b1,
where ¢; € {71, ...,'yg,’yl_l, ...,’yg’l} and there are no %’%—1 adjacent to each other.
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. Ci Sk =i
Claim: We have ¢(F) C { — _
() { Bi o= !
Proof of Claim: We proceed by induction on k. The case k = 1 follows
from equation (1). Without loss of generality, suppose ¢k = 7i- Then if
V' = ¢r—1---¢1, by the induction step we have ¥'(F) C B; U C; C P\(B;)
for some j # i. But B; UC; C P\B;; thus

Y(F) = 7' (F) C (B UC;) Cvi(P\B;) C Ci.

The case ¢y, = ~y; * follows identically since ; ' (P\C;) = B;.

Thus if ¢y --- ¢1 and 6;--- 0 are two reduced forms for ¢ € I', we must have ¢, = §; as
they both map F' into the same closed ball. Continuing, we find ¢,_1 = d;_1, etc. until
j =k and the forms are the same. The lemma follows. O

Definition 7.16. For ) = ¢y - - ¢1 in reduced form, we say £(¢p) = k is the length of 1.
We set £(id) = 0 by convention.

Definition 7.17. Define Q, = |J ¢(F), and then set Q = |J Q,.
LY)<n n>0

Note that for ¢ € T, the intersection F'N)(F) = @ unless v € {id,v1, .74, 7 ' Yy
This relation means that for ¢ and ¢’ in T, after translates, ¥(F) Ny (F) = & unless £(v)
and £(¢)") differ by at most 1. We see the following:

Figure 7.2

F = Q;} S2| S22

Then the above discussion gives:
Proposition 7.18. We have

P\Qn,1 = U Bw, nZ 1.
L(y)=n

Lemma 7.19. We have By, C By if and only if 1 = ', where £(1)) = £(¢") + £(6).

Proof. For the converse direction, we see By, = v¢/(6(P\B;)) for some i, and By = v¢/(P\B;)
for some j. But by inspection, as ¢ = 9’4,

5(P\B;) C P\B;,
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hence the result.

For the forwards direction, if By, C By, then they both lie in the same B; or C;. Write
Y=g br, W =¢hgh

Then ¢ = QS;.. Continuing in the same way, we obtain the result. O

Theorem 7.20. The set L(T') of limit points of T is equal to P\Q.

Proof. First we note that £ = L(T') C P\Q. Indeed, if & € £ N Q, then we can (after a
translation by a suitable element of ') assume without loss of generality that o € LN F.
Now F contains at least three distinct points of P, hence by Lemma 7.7 (ii), there exists
x € F with £ = £L(z). Then take an infinite sequence

(pn) C T, on(z) = a.

But we noted above that there are only finitely many elements ¢ € I" with

Y(F)NF # ¢.

It follows that there are only finitely many elements ¢ € T" with

Y(F) N # .

Thus ¢, () ¢ 2 for all but finitely many n, that is, « ¢ F, which is contradiction. (Here
we pass to 1 as F is closed, but there is an open set strictly between F and ;.)

To show the converse, we use Proposition 7.18. Write ry, for the radius of By. We want to
show that

li =0
P

uniformly. If this holds, then every point of P\ lies in an infinite sequence of nested open
balls of radius tending to 0, i.e. it is a limit point.

Note that if By, C By, we can write

V=g ¢10, ' =¢p---¢1, with £(5) > 1.

Thus
By = ¢r -+ ¢2(Bg,s), By = dp - 2(By, ).

It follows that 7y /ry = r¢,5/76, < 1. Let

where ¢ € {V1, ..., 79, V1 ...,fyg_l} and id # § € T'. Note that at this maximum, ¢(§) = 1,
so p < 1 (as there are only finitely many § with £(§) = 1). Induction then gives

Ty < Pe(w)R»

for some constant R; that is, ry — 0 uniformly as () — oco. Thus P\Q2 C £ and we are
done. O

Corollary 7.21. The group I' = (71, ...,74) s a Schottky group.
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Proof. T is obviously finitely generated. It is free on the generators, so it has no elements
of finite order. It is discontinuous by Theorem 7.20 since the set of limit points is P\, and
Q#P. O

We state the following important theorem. For a proof, see [1], 1.4.3.

Theorem 7.22. Every Schottky group occurs in this way. That is, if T is a Schottky group,
there exist open balls By, ..., By, Ch,...,Cy and a set of generators 1, ..., for I' such that

Yi(P\B;) = Ci,  ~7(P\B;) = Ci.

Definition 7.23. Let I" be a Schottky group, and take B;, C; as above. The set

FP\(OBNOQ)

is called a good fundamental domain for I'.
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8. Automorphic Forms

We’ve constructed, for a Schottky group I', a space 2 on which I' acts discontinuously. We
want to look at the quotient space ©/T. To do so, we look at automorphic forms on 2, re-
turning to p-adic analysis. For points a,b € ), we construct an automorphic form 6(a, b; 2)
using I', and then prove that any automorphic form with constant factors of automorphy
is a finite product of these functions up to a constant factor.

The ultimate goal is, as in part II, to show that the field of I'—invariant automorphic
forms is a function field of one variable, obtaining the result that /I is an algebraic curve.
This will be covered in chapter 9.

Before we begin, we prove a simple lemma that will be used constantly throughout this
section:

Lemma 8.1. Let D = B,(z) C C, be an open disc, a,b € D. For all z € C,\D, we have

|z — a] _

ERC

Proof. We have |a — b| < r and |z — a| > r as by the non-archimedean property, a and b
are both centres of D. Hence

e—al _ Jz—al _|z—d| _

e e -

8.1. A Return to p-adic Analysis

Definition 8.2. An affinoid disc is a closed disc in C, containing co, i.e. of form C,\D,
where D C C, is an open disc. An affinoid domain is a finite intersection of affinoid discs.

Remark: The domain F as constructed in chapter 7 is an affinoid domain, as is €2,, for all
n. Recall that we definedQ = |J Q,.

n>0

Definition 8.3. (i) A function on an affinoid domain X is said to be holomorphic if it
is the uniform limit of rational functions with no pole in X.

(ii) A function on € is holomorphic if its restriction to €2, is holomorphic for each n.

(iii) A function on § is meromorphic if it is the quotient of two holomorphic functions
g/h, with h # 0.

Definition 8.4. Define the norm of absolute convergence ||f||q, = sup.cq,  [f(2)|-
We quote some important results for holomorphic functions, similar to the complex case:

Proposition 8.5. Let f be a non-zero holomorphic function on Q. Then f has a finite
number of zeros in F.

Proposition 8.6. If f is a holomorphic function that is bounded on S, then it is constant.

Definition 8.7. A meromorphic function f on 2 is said to be an automorphic form with
constant factors of automorphy if

f(2) =) f((2), ((¢) €CpVpeTl.
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We're now in a position to associate a class of automorphic functions to a Schottky group
I". This study is based on the following observation:

Proposition 8.8. Let a,b € Q. Pick € > 0. Then for all but finitely many v € T,
[y(a) = (b)] <e.

Proof. In Proposition 7.18, and the proof of Theorem 7.20, we showed that P\, is the
disjoint union of a finite number of open balls, whose radius tends to 0 uniformly as n — oc.
So take N € N such that, for all n > N, P\Q,, is a disjoint union of open balls of radius
strictly less than e.

In the discussion before Proposition 7.18, we showed that F'N~(F) = ¢ unless £(y) = 1. A
similar argument shows that Q, Ny(Q,) = @ if £(y) > 2n. So for £(y) > N, as v(£2) must
lie in a single one of these disjoint balls, 7y(a) and ~(b) both lie in the same open ball in
P\, of radius less than e. The non-archimedean property means we can take the centre of
this ball to be at y(a); hence the result. O

Define, as rational functions,

z—a zZ— 00 1 zZ— 00
=z —a, = 5 :1
Z — 00 z—0b z—b  z—o00

Lemma 8.9. Let (a;), (b;) be sequences in Q with
(i) |la; — b;| — 0 as i — oo;
(ii) for any n, only finitely many a;,b; € Q.
Then

1@ =11—=
i=1 v

is a meromorphic function on Q with zeros only at {a;} and poles only at {b;}.

Proof. We must show that f is meromorphic on 2, for all n. Fix n, and pick N such that
a;,b; ¢ §, for all i« > N (possible by (ii)). Set e to be the minimum radius of the open
balls that make up P\€,,. Define partial products

=11

k
z
=N

a;

b;’

. —
fx is clearly a rational function. Furthermore,

brt1 — ar41
2z = bpy1

[fer1(2) = fr(2)] = | fe(2)]-

Z = Qk+1
—_— — 1 =
s ann

If z € Q,,, then z does not lie in the open ball B(byt1), i.e. |z — bgt1]| > €. So this is less
than or equal to L|bey1 — ars1| - [|fxlle, -

Claim: || fx]|q, is bounded as k — oo.
Proof of Claim: It suffices to show that |(z —a;)/(z — b;)| = 1 for sufficiently

large i. Then take M such that |a; — b;| < € for all ¢ > M, so that a; and b; lie
in the same open ball. The result follows from Lemma 8.1.
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So || fx+1 — frlla, < Clbg+1 — ak+1| for some constant C. Thus

i—1
fi=In+ Z (fre+1 — fr)

is a convergent series, i.e. f; tends to a holomorphic function g on €2, as i tends to co.
Then

is meromorphic on (2, as required. Note convergence is independent of n.

It remains to show that the zeros/poles occur only at a; or b;. If there was a pole ¢ €
then ¢ € §,, for some n. But f|q, clearly cannot have a pole at ¢ since the poles occur at
b1,...,bn—1, with N chosen as above. So f has poles only at the {b;}; then considering 1/f,
we can show that there are no zeros outside the {a;}. O

Theorem 8.10. Let a,b € Q. Then

0(a,b; z) := H z=0(a)

O
is an automorphic form with constant factors of automorphy.

Proof. Proposition 8.8 shows that 6 is meromorphic on (2, since condition (i) is satis-
fied by Lemma 8.9, and (ii) by the definition of T',,. It remains to show that 6(a,b;z) =
C(¢)8(a,b; ¢(2)), for some constant ((¢). Fix ¢ € I

Note that

6:) =) _ 2= 07 (0(a)

¢(2) =~(b) z=¢71(v(b))
for some constant ¢(7y), since each side is a rational function with the same zeros and poles
(i.e. they differ only by a constant). If ¢(c0) # v(a),v(b), then evaluating at co gives

¢(2) —~(a)
c(y) =
)= 6o )
Now note that there are at most two elements vy € T’ with ¢(o0) = y(a) or v(b). Indeed, if

there were more, then without loss of generality y(a) = 74/(a) = ¢(00), which implies that
(/) "1~ fixes a. But only the identity has fixed points in . Write

['={yel:6(c0) =(a) or (1)}, I <2

*
€C.

So
(z) —A(a) d(z) —v(a)
0(a,b;¢(z)) = —
7el () = 3() 'yel_[F\F 6(2) —v(b)
oy TT 2 =2(@) | 1 2= 6~ 6la)
o 1 a0 ) L=t

= (@) 10(a,b;2),  ¢(9) €C,
where we note that the infinite product gives a well-defined element of C; since it is the
evaluation of the function

o(2) ’y a)
b;
6(a, b 4(z H d(z) —5(b)
vGF
at oo (and this function is clearly holomorphic and non-zero at co). O
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Before moving onto a structure theorem for automorphic forms, we give some basic prop-
erties of 6.

Proposition 8.11. (i) For ¢ €T, 0(a,¢(a);z) has no zeros or poles.
(i) For any a,b € Q, we have 0(a, p(a);z) = 0(b, p(b); 2).

Proof. (i) It suffices to show that a is not a zero or a pole; then the result follows by the
automorphy property. But

z—a Q) 11 z —7(a)

L2=¢ z=le)
TEo@ e it = (00)

_z=¢7'(a) _z=(@)
“ S M sSean

Thus there is no zero or pole at a. For (ii),

0(a, ¢(a); ) _ z—=1(a) z—(¢(0)

0(b, p(b); 2) (¢(a)) z—~(b)
11 2 — () z—9'(b) _ 0(abyz)
weHrz—’v(b) 7E[rz—’v’(a) ~ 0(a,b;2) - .

Definition 8.12. Define uy(2) = 6(a, ¢(a); z) for some choice of a € Q. We also write

wi(2) = 1y ).
Proposition 8.13. We have ((¢) = ((a,b; ¢) = ug(a)/ue(b).

Proof. Rearranging the identity ((a,b; ¢) = 0(a, b; 2)/0(a, b; ¢(2)) gives the result. O

8.2. A Structure Theorem for Automorphic Forms

We will prove in this section that any automorphic form with constant factors of automor-
phy is in fact a finite product of 0(a, b; z) for suitable a,b. First, we enlarge F'.

If T'" is a Schottky group with good fundamental domain F and associated generators
M1,---17g, then each v; has two fixed points. One of these lies in B;, the other in Cj;
call them b;,¢;. Then as | - | is non-archimedean, we can take these as centres, i.e. for
suitable r;, s; we have

Bi = Bri (bl), Cz = Bsi (CZ)
Put w(z) = (z — b;)/(z — ¢;); then, for ¢ €T,
w(7i(2)) = qiw(2),

since w(v;(z)) and w(z) have the same zeros and poles. Write B; = B;\B;, and similarly
for 0C;. Then ~; maps 0B; to dC;. So if x € 0B;, taking valuations,

lw(v;(2))] = i (x) — by _ i — by

@) = Si
|z —bi| _ @il -7

Thus |qz| = |bz — Ci|2/ri5i > 1.
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Lemma 8.14. There exists §, satisfying 1 < § < |b; — ¢;|/ri, such that the 2g annuli

Si

T
P — =< —b;l <r; ;= :
R, =1{z 5 = |z —b;| <10}, Si={z 5

<|z—¢l <s;i0}
are disjoint fori=1,...,g, and v;(R;) = S;.

Proof. 1t’s clear that we can take the R;,S; disjoint with a small enough §. Take 1 < § <
[b:=eil and then z such that | — b;| = r;6. Now

T4 ’

[7i(z) — bi |z — bi
lw(i(x))| = d :
[vi(x) — il |z — i
so (le; = bil)/(|7i(x) — cil) = ridlail /(|bi — cil), Le. [7i(z) — ¢i| = s;/0. The result follows as
the circles are mapped to the right place inside the annulus. O

This construction leads to the concept of the order of a holomorphic function at B;. Let f
be holomorphic on 2, with no zero on R;. We can write f as a convergent Laurent series

f(z)=> an(z—b)".
nez

As there are no zeros in R;, by Remark 3.3, there exists an n such that on R;,
£ (2)] = lan||z — bs|".

Write n = ordg, f. We also, for convenience, use the notation B;;, = C; in the next two
results to simplify cases.

1= 1=

. g g .
Lemma 8.15. Let = FU |J R;U | S;, and let f be holomorphic on F with no zeros in
i=1 1

g
R; U
=1 .

1= (2

g 29
Si. Then (the number of zeros of f) = — 3 ordp, f.
=1 i=1

where

Z—a4

Proof. Note any rational function on P can be written as a finite product [] Z=;
the number of zeros and poles are the same, as 2 —a = (2 —a)/(z — 00) and 1/(z — b) =

(z — 00)/(z — b). We prove the result for f = (z —a)/(z — b). Note b ¢ F, so without loss
of generality b € By, and a € P. There are three cases:

)

(i) a € By. Then ordp, = 0 for all 4, since a,b are in the same open ball (Lemma 8.1).

(ii) a € Bj,j # 1. Then ordp, f = —1, and ordp, f = 1, with ordp, f = 0,i # 1, j (using
a simple variant of Lemma 8.1).

(ili) @ € F. Then ordp, f = —1, and ordp, f = 0 for j > 1.

Thus the result is true for functions of this form. Now note that ordp, fg = ordp, f+
ordp, g, from which the result follows for rational functions.

The general case follows: if f is holomorphic, write f = gh, where g is holomorphic with
no zeros and h rational (which is possible since there are a finite number of zeros in F). It
suffices to prove that ordp,g = 0 for all i. But g is bounded below (as F is compact) by e,
say. As g is holomorphic, it is a uniform limit of rational functions with no pole in F, so
take some g rational with ||g — §||7 < €. Then

19(2)| = 1(3(2) — 9(2)) + 9(2)| = l9(2)].

But §(z) has no zeros, so the result follows from our work above. O
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Corollary 8.16. Let f be holomorphic on F', with ordp, f =0 for alli. Then |f| is constant.

Proof. As above, since by assumption f has no zeros in F, we can approximate f by a
rational function f, with |f(z)| = |f|. Write

~ (z—a1) - (z—ag)

R e e s

with & minimal. Then if, without loss of generality, a;,b; € By, then

3 B (z—ag)"'(z_ak)
lf(z)|=C (z—bg)--- (2 — by)

with C' some constant by Lemma 8.1. Thus we could have Eaken k — 1. Thus no a;, b; lie in
the same ball. But then if k¥ > 1, say by € By; then ordp, f < —1, contradiction. So k =0
and f is constant. O

Proposition 8.17. Let f be an automorphic form on Q with constant factors of automor-
phy. Then [ has no zeros in F if and only if f has no poles in F.

Proof. Tt suffices to show that if f has no poles in F, then f has no zeros in F. Given this,
the converse follows by considering 1/f. We split into two cases.

9 9
(i) There are no zeros on |J R; U |J S;. Then:

=1 =1

Claim: orde, f(z) = —ordp, f(vi(2)).

Proof of Claim: If | f| is constant on S;, then |f - ;| is constant on B;. Also, if

z — bi
z) = ,
9(2) = — -
then orde,g = —1, ordp,g-v; = 1. The general case follows: we can approximate
any such automorphic form by |f| = |g|¥|h|, ordg, h = 0, by similar methods to

above.

Thus ordp, f+orde, f = 0, so there are no zeros in F by Lemma 8.15.
g g
(ii) There are a finite number of zeros in |J R; U U S;, say ay, ..., ar. Then pick
i=1 i=1

g g

be F\(|JRiul ]S

i=1 =1

Now 3
f=7r-0(b,a1;z2) - 0(b,ax; 2)
_ g 9
is holomorphic on F, hence on  (automorphic), with no zeros in |J R; U |J S;. So by (i),
i=1 i=1

f has no zeros in F. But it has a zero at b, contradiction. So case (ii) can’t happen. O

We're finally in a position to prove the structure theorem for automorphic forms.

Theorem 8.18 (Structure theorem for automorphic forms). Let f be an automorphic form
on  with constant factors of automorphy. Then we can write

f=0C0(a1,b1;2)---0(ag, br; 2), ai, b € Q, C € C, constant.
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Proof. We have finite sets {ai,...,am} of zeros and {b1,...,b,} of poles of f in F. Then
without loss of generality m < n, and we can write

f=F-0(a1,b152) - 0(am, bm; 2),
f with no zeros in F' (hence Q). But then by Proposition 8.17, f also has no poles in F.

Recall u;(z) = u+,(2). Proposition 8.11 (i) shows that w; has no zeros or poles in 2. In
the proof, we showed that

~1
2= (a) z—¢(a)
zZ —Yi\a zZ — ia
Wa) k2= 0lu(@)
Now ¢(a), ¢v;i(a) lie in the same B;, so |%| =1 for all ¢ € T'\{id,~; '} by Lemma
8.1. It follows that

1 ri=g ) -1 i=y
ordBjul—{ 0 it ordcjul—{ 0 i

Set nj = ordgif. Then if g = u ---uy?, then ordp, f/g = 0 for all i, so Corollary 8.16
implies that |f/g| is constant on F, thus is constant (and hence bounded) on , i.e. f/g is
constant on 2.

Thus
f=Cu" - ugr(ay,br;2) -+ 0(am, bin; 2)

as required. O
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9. The Curve Q/I'

To complete our work, we will use the theory developed so far to prove that Q/T is a
smooth irreducible algebraic curve. Our approach will be similar to Chapter 3, in that
we consider the field of I'-invariant functions, C,(£2/T"), proving that it has transcendence
degree 1 over C,. Analogously to before, /T is the set of places of C,(2/T"), and hence
/T is isomorphic to a smooth irreducible algebraic curve. We also state another version of
Riemann-Roch that says that this curve has genus g, hence showing that this does indeed
generalise Tate’s work.

In this chapter, we will require some results from analytic geometry; there is not space
here to develop the theory in all but the briefest detail, but there are large parallels with
algebraic geometry. Indeed, an analytic set is locally the zero set of a finite number of
holomorphic functions on Cj}. A point P of an analytic set V' is regular if V' is locally an
analytic manifold at P, in which case we define the dimension at P to be the dimension
of this manifold. We say the dimension of V is the maximum of the dimensions of the
regular points. An analytic function on V is a map ¢ : V.C C — C, that is a product of
holomorphic functions on each component, and an analytic map ¢ : V — V' is a map that
respects analytic functions on V.

The only result we really require from this is that for an analytic map ¢ : V' — V’, with
dim(V) > dim(V"’), the non-empty fibres are not discrete (as they have dimension > 1).

9.1. The Field of I'-invariant Meromorphic Functions

The major step in what follows is proving the existence of one non-constant I'-invariant
meromorphic function h. Once we've done this, we show that C,(2/T")/C,(h) is an alge-
braic extension using linear algebra.

Let T' = (71,...,74) be a Schottky group. Recall that u;(z) = w,,(z) (Definition 8.12).
Define, for r > g,
dr QT — QI

(21, s 2r) = (ur(z1) - - w1 (2r), oo ug(21) - - ug(2r)).

This is an analytic map, and since r > g, the fibres are non-discrete. Thus, for (z1,...,2,) €
O, there is some (wy, ..., w,) € Q" with

(i) w1 ¢ U I'(z), and
j=1
(11) ¢7'(Z17 [EES) ZT') = ¢7‘(w17 sy wr)-
Note by (i) that the w; are not just a re-arrangement of the z;. Condition (ii) says that
ur(z1) - ur(zr) = up(wy) - ug (we), ..,

Ug(z1) - ug(zr) = ug(wi) - - - ug(wy).

Now consider
f(Z) = 9(217 S Z) U 9(27«, o3 Z),

g9(z) = 0(wq, 005 2) - - - O(w,., 00; 2).
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By Proposition 8.13,

) =TT 4 o002

Thus f, g are automorphic forms with the same constant of automorphy. In particular,
h := f/g is invariant under the action of I". But h is non-constant; indeed, because of
condition (i) above, it has a pole at wy.

Theorem 9.1. The field C,(2/T') is a function field of one variable over C,.

Proof. It suffices to prove that C,(€2/I")/C,(h) is an algebraic extension, as then
trdege, C,(€/T) = 1.

The structure theorem for automorphic forms implies that h has the same number of zeros
as poles in Q/T; call this n. Then we claim that any n + 1 functions

J1y s fg1 € Cp(Q/T)

are linearly dependent over C,(h). For each ¢, write m; for the number of poles of f; in

Q/T, and put
i=1

Let
ap = Cpmh™ + -+ eph+cgo, 1<EkE<n+1,

a collection of n 4 1 polynomials in h, with the ¢;; indeterminates. Then consider

g=aifi+ -+ antifot1

Now g has poles only at poles of h or f;; thus there at most mn +m = m(n + 1) poles of
g. Now choose (m + 1)(n + 1) — 1 distinct points z1, ..., Z(m41)(nt1)—1 € ©2/I; then we have
(m+1)(n+ 1) — 1 linear equations
9(zi) =0

in (m+1)(n+ 1) unknowns ¢;;,1 < i <n+1,0 < j < m. Thus there is a solution. But for
such a solution, g has at most m(n + 1) poles, but at least (m+ 1)(n+ 1) — 1 zeros; and as
n > 1 (by construction of h), the number of zeros is greater than the number of poles. But
this can only happen - by the structure theorem - if g = 0, that is, if we have exhibited a
linear dependence between the f; over C,(h), as required. O

Hence we obtain a smooth irreducible algebraic curve, V, with C,(€2/T') = C(V) the func-
tion field of V.

Before completing the proof that /I is an algebraic curve, we note some analogues to
the genus 1 case. We can, for f € C,(Q/T), define a I'-invariant divisor {m, : o € Q/T'},
where m,, represents the order of zero or pole at a. The structure theorem says that only
finitely many of the m,, are non-zero in Q/T", and that the degree of such a principal divisor
(in the obvious sense) is 0. We can say any collection of integers {my, : & € Q/I'}, with this
finiteness condition, is a divisor, and for any divisor d define the vector space

L(d) = {f € C,(/T) : div(f) = —d}

as before. Then we state the following;:
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Lemma 9.2. If d is a divisor on /T, and deg(d) > 2g — 2, then
dime, L(d) = deg(d) — g + 1.

Hence the genus of C,(2/I') is g, using Riemann-Roch. Now recall we defined A(C,(2/T))
to be the set of places of C,(£2/T), leading to:

Lemma 9.3. There is an isomorphism
QT — A(Cp(YT)) — V(Cy),

a+— ord, — P,,

where ord,, is centred at P,.

Proof. This is almost completely analogous to the genus 1 case. For surjectivity, we need
to consider - for a point ) € V' - a non-constant function f € L(nQ), some n € N, rather
than just L(2Q). Rather than using Schnirelmann’s theorem, we use the structure theorem
for automorphic forms to show existence of a pole of f in Q/T. O

We collect our results in the following final theorem:

Theorem 9.4. Let I' be a Schottky group generated freely by g elements. Let
Q="Pg\L,

with L the set of limit points of I'. Then Q/T" is a smooth irreducible algebraic curve of
genus g.

Remarks: (i) The genus 1 case is an immediate corollary of this work.

(ii) We call curves of this form Mumford curves. Mumford’s work was considerably more
extensive than the account presented here; he went on to prove that an algebraic
curve is a Mumford curve if and only if it has split degenerate reduction, using rigid
analysis. For details of this, including the proof that /T has genus g, see [1], Chapter
IIT onwards.
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