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Startingpoint let k bealocal or global field

eg finite
extensions

numberfields

ofChp

AineDescribe theGaloisextensionsof K
interms ofthearithmeticofK

UaIsEie y CFT doesthisforabelianextensionsofK

Z1 SPLITTINGBEHAVIOUROFPRIMES

whatdoes arithmetic mean

k Q primes a pprime

k numberfield checkringofintegers
primes k p c 0k primeideals

Let 4k extensionofnumberfields InterplaybetweenarithmeticofRandL

prime P c
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Theoremi Letpeprimes k Then
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where
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Q can weparamehiseGaloisextensionsbythebehaviourof theprimes

2 specialclasses ofbehaviour

Say p cprimes k is reunified in Lif e I
unrented m Lif e I

Let
Ram 4k p i pramifiedNLT

Et Ram4k is a fineset

Say p sphtscompkfely.nl f e unranked and f I
7 Lik primes13above p f pbreaksapartmaximallym L

Let
Spl14k P i p sphbcompletelyin L

Proposition If 4k 4k finiteGatorsextensionswith Spl 4k Spl K
Then L L

Pf TheoremofFrobenius the set Spl 4k c proves k hasdensity 3

Generalfact psplitscompletely in L and L LL
itdoes in LL
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Spl 4k Spl the Spl Hk
So K
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But L e LLl s Ll thisforces L LL L B

Upshot 7 bijection
finiteGalois c subsetsSpl4k opines k

Ain Makethisexplicit
a given4k describe Spl4k
b givenSpl14k describe 4k



CFT successfulanswer to ab for 4kabelian

222 QUADRATICRECIPROCITYI

Quadratic reciprocity is thefirstresult in classfieldtheory

Exemple K Q qprime 1 mod4 L Qtr Then

Ramawaken q

ptg spins in L X q X L x p modp
q is a squaremodp
p is a squareweedg

Notethereis a lotofextra structureheretogivecluesforgeneralisations

let J 74gal c 74gal

Then SplOtra a p i p mods c J
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T

Primes a I q
T

Spyaraka
thispictureexistsmuchmoregenerally

Z3HERECIPROCITYMA.PL

Fact 4k abelian There is a canonicalnaturalmap Reciprocity

rec primes D Ram14k call4k

p Frobp Frobenius

5.2
Frobp I H p c Spl 4k



Sketch 46 P cprimes L Pn I p e ramificationindex f inertiadegree

Galoistheoryoffinitefields Gat FPFp Cyclicoforder f
Frobp

where Frobp Fp Fp
x xp

If 40 abelian p isunranked 7 canonical loftof Frobp toGal 4G

Note psphts completely s f L Frobp L

This is settheoretic Thereis a lotof extrastructurehere

Definition Let In groupoffractionalidealsofK
freeabeliangroup onprimes K

Let S finitesubsetofprimes K
Let II freeabeliangroup anpunes k IS

groupoffractionalideals coprimetoS

have a grouphomomorphism rec If Call4k
withkernelgeneratedby Spl4k

Canwe describethekernel intrinsicallytoK

224CLASSFIELDS GROUPS

Det Let E setofrealembeddings K IR

A module is a formal product M Mao Mo where

Moo C En subset

Mo core ideal



eg Everymodulusfor k has form a n or N

as allidealsareprincipal andthereisonlyoneembedding R

Dehuntioni Letmymodulesaid
groupof principal here ideals a whichhave
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Let Sm P PIMo Then Pne E Ius Let

Cq II 1pm
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raydussgroupofkofcoudnetarry.theor
eui.frGlobalclassfieldtheory ForeverymodulusM thereis auniqueclassheld

Hm suchthat
Hulk isabelian
Reciprocityinducesan isomorphism Cm Is CoolHy K
p e RamHNK pImo Hmunramifiedoutsideny

Every finite abelianextension L ofKames as a subfieldof someHm
subgroupofCnc Pucker rec

e.g K Q my a CN

Roughly Insw n f n e 2 CuN L

Paw f n E Z h70 n ICarodN

Can 7 25 How Zn

Thur GCFT every abelianextensionof Q iscontained in some Zn
recoverKronecker Webertheorem
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If 4k abelianextensionofmemberfields Peprimes L p cprimes k then

Lp Kp Qp hunk extensionsand
Lp Kp B abehran

Classificationofabetrauextensionsofnumberfields
classificationofabelianextensionsLplKp lap

theorem localClassfieldtheory Let KQp finite If 4k finiteabelianthen
Norm V C k has finiteindex

The normmap dehnes an inclusion reversing bijection

huieabelian 4k finiteindexsubgroupsof K
L Norm Lx


